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A THEOREM ON THE ANALYTIC EXTENSION OF 
POWER SERIES. 


BY PROFESSOR WALTER B. FORD. 


In a note published in the Jowrnal de Mathématiques in 
1903 I considered the function f(z) defined by a given power 
series* 


GO) + 9(2)? + --- + 
(r = rad. of conv. > 0). 


The problem was to determine the character of f(z) outside the 
circle of convergence and it was shown that if the coefficient 
g(n) could be generalized into a function g(w) of the complex 
variable w = x + iy satisfying certain specified conditions, then 
J(z) could be extended analytically throughout any (finite) 
region which did not include the positive half of the real axis, 
and an explicit form was given defining the function through- 
out such region. The conditions there imposed upon g(w) 
were unnecessarily restrictive and, in view of certain analogous 
but more general theorems of Mellin, Le Roy, and Lindeléf,; it 
is proposed to show in the present note that my earlier results 
may be generalized into the following 


THEOREM: If the coefficient g(n) of the power series 


‘ > , &= integer, positive, negative, or zero 
n)z 
(2) I”) = of convergence >0 


n=a 


may be considered as a function g(w) of the complex variable 
w=2x2-+iy satisfying the following conditions: (a) it is single 
valued and analytic throughout all portions of the plane lying to 
the right of (or upon) the vertical line w = a — 3 + iy; and (b) it 
is such that 
lim + iy) = 0 (x=a — }), 


* Subsequently generalized to functions defined by double power series. 
Cf. Transactions Amer. Math. Society, vol. 7 (1906), pp. 260-274. 

+ For an exposition of this subject with bibliography see Lindeldf, Le 
Caleul des Residus ete., Chap V..( Paris, Gauthier-Villars, 1905). It is 
believed that the theorem of the present paper, while equally general with 
those of Lindeléf and others, has the advantage of furnishing a considerably 
simpler form for the function f(z). 


| 
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in which € represents an arbitrarily small positive quantity, then 
the function f(z) of the complex variable z defined by (1) when 
|z| <r may be extended analytically throughout the whole ( finite) 
z plane with the exception of the positive half of the real axis, and 
for this region f(z) will be defined by the equation 


wy 


3) 


in which if we place z = p (cos ¢ + i sin ¢) it is supposed that 
we take—2r¥ 0 and write = = 
eiyllog 

For the proof of this theorem let us consider, as in the 
former note, the result obtained by integrating the function 


sin 7w 


about a rectangular contour C, in the w plane. In the present 
instance let this rectangle be formed by the lines w = a — } + iy, 
w=}+2n+ iy, where n is any integer such that 
2n > aand where j is any positive quantity, arbitrarily large. 
We thus arrive directly by elementary results in the calculus of 
residues at the equation 


sin 


We proceed to study the integral here appearing, supposing 
at first that z is real and negative. 

First, along the side upon which w = 2+7 we have dw = dx 
and sin rw = sin + = sin 7) (sin coth cos 12) 
so that, if we call the contribution from the side in question J, 
we may write 


(— He + — 2)" 


, sin 7a coth mj + i cos Ta 


~ sinh 
Whence, lim,_,7 = 0, provided that 
(4) lim + tj) = 0 (x= a— 3). 
j= 


Similarly, we find the same result for the contribution 


= 
= 
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arising from the side of C, upon which w = x — ij, provided 
that 


(5) lim — ij) = 0 (x= a — 3). 


Next, let us consider the side upon which w = } + 2n +4 ty. 
Here we have dw = idy, sin mw = cos iy = cosh try, so that 
having taken j = « , the contribution in question becomes 


(— Hk + 2n + — 2)" 


cosh 


dy. 


bo 


If we now substitute for conditions (4) and (5) the single, 
stronger condition 


(6) lim e~*9(x + iy) = 0, 
y=+0 

in which ¢ represents an arbitrarily small positive quantity, it 
appears directly that the improper integral here occurring has 
a meaning (2 real and negative). If in particular |z| <1 we 
shall evidently have also lim,_,J = 0. 

Whence, if we now take account of the contribution arising 
from the remaining side w = a — } + ty of C,, noting that we 
here have sin 7w = (— 1)*~’ cosh wry while the integration takes 


place from y = +00 to y = —oo, we may write 
(7) 2 (— 1) 2 if cosh Ty dy. 


This relation must hold good, as we have indicated, for all 
values of z which are real and negative and such that |z| <1. 
But the first member represents a function of the complex 
variable z which is single valued and analytic throughout the 
the circle of convergence of (1), while the second member, with 
proper conventions as regards the meaning of (— z)", repre- 
sents, as we shall now show, a function of z which is analytic 
and single valued throughout the whole z plane except for the 
positive half of the real axis. 

Thus let us place z= p(cos isin and agree to write 


log (— z) = log p + (6 + 7). 
Then 


(— ey log (—z) = etyllog p + i(b+ ey log pp—(b+ 


= 
= 
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Moreover, for all values of z within a region 7 which does not 
cut or touch the positive half of the real axis we shall have 
—7<¢+7-<7, provided we agree to choose ¢ at every 
point so that — 247 < It follows, upon introducing (6), 
that when the above agreements are made we may always 
choose ¢ so small that the improper integral in (7) will con- 
verge uniformly for all values of z in 7. Whence, the same 
integral and hence also the second member of (7) will have the 
analytic properties indicated above.* 

Thus we reach in summary the theorem stated at the 
beginning. 

It may be observed that in case the function g(w) satisfies the 
conditions demanded except that it has a finite number of 
singularities in the region of the w plane lying to the right of 
the line w = a — } + iy the theorem continues true provided we 
subtract from the second member of (3) the sum of the residues 
of the function 

— 2)" 
sin 7w 


corresponding to such singularities. 


UNIVERSITY OF MICHIGAN, 
May, 1910. 


EXTENSIONS OF TWO THEOREMS DUE 
TO CAUCHY 


BY PROFESSOR G. A. MILLER. 


(Read before the Chicago Section of the American Mathematical Society, 
April 9, 1910. ) 

THE last one of the noted series of papers on substitution 
groups published by Cauchy during 1845-6 in the Paris Comptes 
Rendus is devoted to a simplification of his earlier proof of an 
important theorem which may be stated as follows: If the sym- 
metric group G of degree n involves at least one substitution 
which transforms one of its subgroups H, into a group having 
only identity in common with the subgroup H,, the total 
number of such substitutions in G is divisible by the product 
of the orders of H, and H,. The proof given by Cauchy is 


*Cf. Osgood, Encyklopidie, II, p. 21. 
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very simple and applies equally when G in any group involving 
H, and H,, as has been observed by Jordan * and others. 

The object of the present note is to extend this theorem by 
modifying only very slightly the method of proof employed by 
Cauchy and to indicate how easily Sylow’s theorem may be 
obtained from this extension. By doing this we hope to give 
one of the simplest proofs of Sylow’s theorem and to exhibit, at 
the same time, how close Cauchy, Jordan, and others were to 
this. fundamental theorem a number of years before it was 
announced by Sylow. While the historical setting is a prominent 
element of the present note, the subject matter appears sufficiently 
fundamental to justify various forms of presentation and em- 
phasis on slight extensions. 

Let H, = 1, 8, 8, ---, 8, and H, = 1, t, t, ---, t, be two 
subgroups of any group G and suppose that H, and s“'H3s, 
8 being any operator of G, have exactly p operators in common. 
These p common operators form a common subgroup of H, and 
H,. In the following rectangular array of h,h, operators 


8 st, st, 
#8 88t, --- 


the operators of the same column transform H, into the same 
group, and each of the operators of this array transforms H, 
into a group which has exactly p operators in common with H,,. 
The supposition that two operators of the array are equal 
implies an equation of the form 


= 8,sts, OF 8-8) 8,-8 = 


If we suppose a and 8 fixed, y can be chosen in exactly p ways 
so as to satisfy the latter equation. That is, there are exactly 
p Operators in the given array which are equal to any given 
operator of the array. In other words, this array involves 
exactly h,h, + p distinct operators. 

If s is any operator of G which transforms H, into a group 
having exactly p operators in common with H, but is not in- 


*Traité des substitutions, 1870, p. 26. 
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cluded in the given array, we may form another array which 
can be obtained by replacing s by s’ in the one given above. 
This new array must again involve exactly h,h,/p distinct oper- 
ators and none of these can be equal to one of the preceding 
array since the equation 


8,8 = 8, st; 


implies that s’ is in the former array. As this process may be 
repeated until all the operators of G which transform H, into a 
group having exactly p operators in common with H, have been 
exhausted, we have proved the following theorem : 

In any group G the number of distinet operators which trans- 
form any subgroup H, into a group having exactly p operators in 
common with a subgroup H, is a multiple of h,h,/p, h, and h, 
being the orders of H, and H, respectively.* 

For the special case p=1 this theorem was proved by 
Cauchy in the article noted above; since Cauchy used almost 
the same method as we employed, the present theorem should 
be regarded as merely a slight extension of the one given by 
him. Suppose now that G contains a Sylow subgroup K, of 
order p* and that K, is any other subgroup of G, the order of 
K, being divisible by p* but not by p+". We proceed to prove 
that it follows from the given theorem that K, must involve a 
Sylow subgroup of order p*. If K, did not contain a subgroup 
of order p*, it would involve a subgroup of order p*’, 8’< 8, but 
no subgroup of order p*’*', 8’ being properly chosen. In this 
case the number of operators of G which transform K, into a 
group having no more than p*’ operators in common with k, 
would be divisible by p***-*’. In other words, the order 
of G would be divisible by p***-*’. As this is contrary to the 
hypothesis that K, is a Sylow subgroup of G, the given theorem 
implies the corollary : 

If a group G involves a Sylow subgroup of order p™, each of 
the subgroups of G whose order is divisible by p contains at least 
one Sylow subgroup whose order is a power of p. 

From the preceding paragraph it results that the given theo- 
rem implies that if a <itiadeal G involves at least one Sylow sub- 


* This ev vidently remains true when H, with as swell 
as when either one of these subgroups coincides with the entiregroupG. In 
the latter case it reduces to the theorem that the order of every subgroup 
divides the order of the group. This special case is sometimes called La- 
grange’s theorem. 
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group for every prime divisor of its order every subgroup of G 
has the same property. In particular, if the symmetric group 
of degree n involves Sylow subgroups for every prime which 
divides its order, then every substitution group of degree n (and 
hence every group of finite order) must involve at least one 
Sylow subgroup for every prime which divides its order. It is 
very easy to prove, as Cauchy observed, that every symmetric 
group of degree n has the given property, and hence the theo- 
rem which was proved above as a slight extension of one due 
to Cauchy implies that every group of finite order involves at 
least one Sylow subgroup for every prime divisor of its order. 
As this is the main element in Sylow’s theorem it is clear that 
Cauchy used a method which required only slight changes 
to yield an easy proof of the fundamental theorem known as 
Sylow’s theorem. It would evidently be necessary only to 
prove that every symmetric group whose degree is a power of p 
involves Sylow subgroups of order p” in order to establish the 
existence of Sylow subgroups in every group of finite order by 
means of the theorem proved above. 

The preceding remarks may also serve to exhibit additional 
reasons for regarding Sylow’s theorem as merely an extension 
of Cauchy’s fundamental theorem, which established the fact 
that every group whose order is divisible by the prime p in- 
volves operators of order p. In fact, if Cauchy had used a 
general value of p instead of p=1 in the theorem proved 
above, he would have arrived at Sylow’s theorem by the same 
steps as those which led him to his fundamental theorem. The 
oversight of this slight increase in generality retarded Sylow’s 
theorem nearly thirty years and made Jordan’s Traité des 
Substitutions much more difficult reading. 


EXISTENCE THEOREMS FOR CERTAIN UNSYM- 
METRIC KERNELS. 


BY MRS. ANNA J. PELL. 


In this paper is given a brief account of the existence and 
expansion theorems for certain integral equations with unsym- 
metric kernels. Full details of the method involved and a dis- 
cussion of a Jess general integral equation are contained in 
an article, “ Biorthogonal systems of functions with applica- 


514 CERTAIN UNSYMMETRIC KERNELS. [July, 


tions to the theory of integral equations,” which is at present 


in the hands of editors. Marty* has recently treated by 
another method an integral equation corresponding to a special 
ease of the functional transformation T [(1), (2), (3)], viz., 


T f(s) = K(s, t)f (t)dt, 


where K (a, ¢) is a definite symmetric kernel. 

We denote by 7f(s) a linear functional transformation, 
which transforms every continuous function into a continuous 
function and which has the three following properties : 


where J is a given positive quantity ; 


b 
(2) 


the equality sign holding only for f(s) = 0, or for f(s) = p(s), 
where p(s) is a continuous function such that Tp(s) = 0; 


(3) = [ 


The transformed function of a continuous kernel K(s, ¢) with 
respect to the variable s we designate by 7, K(s, t), and assume 
that it is continuous in s and t. 

Let Ls, ¢) be an unsymmetric kernel satisfying the condi- 
tion that 


(4) M(s, t) = T_L(s, t) 


is a symmetric kernel. By means of a biorthogonal system 
(u,(s), v{s)) complete as to u and such that 


v{s) = 


the integral equations 


u(s) + pp(s) = rf Lis, t)u(t)dt, 


* Comptes Rendus, Feb. 28 and April 25, 1910. 
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(5) u(s)p(s)\ds=c, v(8)=Ar Lit, s)o()dt 


are reduced to a system of linear equations in infinitely many 
variables 


b pb 


where the system of coefficients is symmetric and continuous. 
We obtain the following theorems : 


THEOREM 1. If an unsymmetric kernel L(s, ¢) satisfies the 
condition (4) and if M(s, t) + 0, there exists at least one charac- 
teristic number , which is real and of finite multiplicity, and 
the characteristic functions u,(s), v{s) form a biorthogonal sys- 
tem belonging to the type 7. 

THEOREM 2. Any continuous function f(s) expressible in 
the form 


= 


where f,(s)is an arbitrary continuous function, can be developed 
into the uniformly convergent series 


THEOREM 3. If an unsymmetric kernel L(s, ¢) has an in- 
finite number of real characteristic numbers, and if the system 
of corresponding characteristic functions (ws), vs) ) is com- 
plete as to u, then the kernel 


Mis, t) = TL(s, t) 


is symmetric, and 7 is the functional transformation belong- 
ing to the biorthogonal system (u,, v,) and therefore has the 
properties (1), (2), and (3). 


CHICAGO, 
May, 1910. 
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MULTIPLY PERIODIC FUNCTIONS. 


An Introduction to the Theory of Multiply Periodic Functions. 
By H. F. Baker, Sc.D., F.R.S., Fellow of St. John’s Col- 
lege and Lecturer in Mathematics in the University of Cam- 
bridge. Cambridge University Press, 1907. Royal 8vo. 
xv + 335 pp. 

Tuis is a highly interesting and suggestive contribution toa 
field which has engaged the attention of numerous mathema- 
ticians since the timeof Abel. Except for the first chapter, the 
present work has little in common with other treatises relating 
to the same subject, while a considerable portion of the material 
is drawn from the author’s own investigations. 

The book is divided into two parts, the first dealing with 
hyperelliptic functions of two variables, the second with peri- 
odic functions of n variables with reference to the fundamental 
problem of their connection with the theory of algebraic functions 
and their expression in terms of the Riemann theta functions. 

“The first part is centered round some remarkable differen- 
tial equations satisfied by the functions, which appear to be 
equally illuminative both of the analytic and the geometric aspects 
of the theory; it was, in fact, to explain this that the book was 
originally entered upon.” Chapter I is introductory and is 
chiefly concerned with a deduction of the fundamental formulas 
connected with a Riemann surface of two sheets and six branch 
points. It contains a brief and condensed account of the hyper- 
elliptic integrals of the first, second, and third kinds, and their 
behavior on the surface. After developing the properties of the 
theta functions, a notable departure is made from the usual 
treatment. Following closely the analogy of the Weierstrassian 
theory of elliptic functions, a single theta function is retained 
out of the sixteen with half-integer characteristics. This is 
multiplied by an exponential factor and the product regarded as 
a function of the unnormalized integrals u,, w, of the first kind 
and of their homogeneous table of moduli. The function so 
obtained is denoted by #(u,, u,) and later on by o. The two 
first derivatives of with respect to wu, are the ¢-functions, and 
the three second derivatives with changed signs are the ¢-func- 
tions. All of these have properties strictly analogous to the 
corresponding functions in the elliptic case. The ¢g-functions 
are expressible in a simple manner in terms of two positions on 
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the Riemann surface. The author hopes ‘‘that the treatment 
here followed, which reduces the theory in a very practical way 
to that of one theta function and three periodic functions, may 
serve the purpose of encouraging a wider use of these functions 
in other branches of mathematics.” 

This would seem on the face of it to be a considerable sim- 
plification since the sixteen Riemann theta functions, connected 
by numerous relations, have been replaced by a single function 
together with the properties deducible from it and its deriva- 
tives. The advantage is not acquired, however, without sacri- 
fice. For example, the three ¢-functions satisfy an algebraic 
relation of degree four, the equation of the Kummer surface. 
But in order to prove the existence of the sixteen singular tan- 
gent planes it is necessary to expand the original determinant 
equation of the surface and show that it can be put in the 
necessary algebraic form. This illustration is somewhat typical 
of much of the long discussion of the Kummer and Weddle 
surfaces, that is, considerably more algebraic manipulation 
(although of an elementary character) is required and not so 
easy an oversight of the geometrical properties is obtained as 
in using the sixteen theta functions and their properties. 
Moreover, in the field of geometric applications, to which the 
author devotes so much space, it does not seem possible to treat 
the important class of hyperelliptic surfaces in a general and 
comprehensive way, as Humbert * has so beautifully and clearly 
done, without using the Riemann theta functions and the rela- 
tions among them. The author’s choice is, however, deliberate, 
and he expresses regret that his desire to keep the work as ele- 
mentary and as self-contained as possible leads to the exclusion 
of important methods and material. 

The first chapter strikes the reviewer as somewhat less care- 
fully worked out than the rest of the book. There seems to be 
an occasional uncertainty and inconsistency in the choice of no- 
tation which is not conducive to ease and economy of effort in 
reading the book. On page 25, for example, we start in with 
theta characteristic numbers q’, g and period characteristics p’ , p. 
In the course of the deduction a previous formula is referred 
to in which the roles of the p and q numbers are interchanged, 
and in writing down the final result this interchange is retained, 
so that at the end the letters do not mean the same that they 


~ * Théorie générale des surfaces hyperelliptiques, Journal de Mathématiques, 
893. 


518 MULTIPLY PERIODIC FUNCTIONS. [July, 


did at the start. On page 37, A, and A, are used in two different 
senses. In the second usage they represent the limiting values 
of the two integrals of the second kind. As these two inte- 
grals already contain parameters previously denoted by X,, A,, 
a different notation would have been more suitable and more 
conducive to clearness. As an example of lack of symmetry 
in the notation we might refer to the departure from customary 
usage on page 13. The four cross-cuts on the Riemann surface 
are denoted by A,, A,, A,, A, while the periods of the integrals 
of the first and second kinds at these cuts are distinguished by 
subscripts 1, 2 with the addition of an accent for the second 
pair. We do not see that the lack of association of ideas pro- 
duced by an unsymmetrical notation is compensated for by any 
new advantage. 

The desire for compactness and condensation frequently leads 
the author to crowd too many things into one statement, as for 
example the long sentence which covers nearly the whole of page 
21; and the still longer one beginning on page 25, ending exactly 
one page later, and including a number of different theta rela- 
tions. In this last case the attempt to include so much in one 
sentence forces the last formula of page 25 out of its logical con- 
nection, since it is not a deduction from the one immediately 
preceding it, but is a special case of the formula given in the 
eighth line above. 

Chapter II is in some sense a converse to part of the pre- 
ceding chapter. Namely, starting with Kummer’s quartic rela- 
tion previously derived, it is shown how the variables 2, y, z 
of this equation may be expressed as hyperelliptic functions of 
two variables w,, w, Not only does this lead to the identifi- 
cation of these variables with the ¢-functions, but of especial 
significance is the culmination of the developments in a set of 
five partial differential equations whose general integral is 


ap, +¢,, Ww, + 


involving five arbitrary constants. A particular integral, de- 
noted by a, gives x, y, z as the second logarithmic derivatives 
with changed signs. It would at first glance seem quite out of 
the question to use’ these equations in order to obtain expan- 
sions of the o-functions. The successful accomplishment of 
this step is one of the most brilliant achievements of the book. 
This is done by multiplying each equation by an arbitrary 
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parameter and adding together. The result is then written in 
a condensed form by the aid of the Clebsch-Aronhold symbolic 
algebra. By means of this composite differential equation a 
recurring formula is obtained for the terms in the expansion of 
the o-functions, of which six odd and ten even functions are 
introduced. ‘These expansions in their turn enable us to 
prove succinctly various relations involving the ¢-functions.” 
The processes are quite analogous to those which are well known 
in the case of the elliptic o-functions. 

The remainder of Part I is devoted to 4 detailed study of the 
Kummer and Weddle surfaces, the geometrical relations devel- 
oped being largely restricted to those which illustrate proper- 
ties of the ¢-functions. 

Part II is confined to a general investigation of periodic 
functions of n variables with the object of reducing the theory 
to that of algebraic functions, The method is admirable for its 
logical simplicity and directness. There is but one other book,* 
as far as we know, that gives this matter a systematic treat- 
ment, and that too from a transcendental point of view. The 
method of the present work is algebraic. Starting in Chapter 
VI with some introductory theorems on power series in several 
variables, we are led in Chapter VII to a study of periodic 
functions in the neighborhood of a given point. Particular 
consideration is given to their behavior when the values of the 
arguments wu, are restricted so as to depend on a single complex 
variable x as follows: Let (a\”, ---, a) (r=1, ---, n) ben 
sets of values of the arguments u,, ---, wu, at which the periodic 
functions $(u,, ---, u,) is regular; define n functions $ (uw) by 
means of the equations 


(r= 1, ---, 2); 
then form the n equations 


of which the determinant || is different from zero. Regard- 
ing the values of the n variables u, as corresponding to the 
points of a real space S of 2n dimensions, the equations last 
written determine a locus C (or construct) of two degrees of 
freedom in S on which the functions ¢ are periodic. Any 


" * A. Krazer, Lehrbuch der Thetafunktionen, Leipzig, 1903, Chapter XI. 
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given branch T’ of C may be divided up into fundamental 
regions such that a particular value of x occurs the same num- 
ber of times in each region. -The values of the u, at points in 
different regions corresponding to the same value of x differ 
by the addition of a set of periods. The derivative y = du/dx 
of the function u = =A,u, is shown, from its behavior in I, to 
satisfy an algebraic equation f(y, x, X,, ---, %,) =O with coef- 
ficients which are rational in x, the degree in y being the num- 
ber of values this derivative takes for any given value of x. 
To each value of x are thus associated values of u,, - --, u,, which 
are determined by the equations 


— | —— da 
J 
these integrals being of the first kind. It is in this way shown 
that the arguments of any multiply periodic function ¢ can be 
expressed as abelian integrals of the first kind associated with 
a Riemann surface, and that the periods of ¢ are the moduli of 
periodicity of these integrals on the surface. The integrals uw, 
are in general defective integrals on a Riemann surface of genus 
p>n. A long chapter, VIII, is then given to the study of 
defective integrals, including a detailed treatment of several 
simple cases. 

Chapter [X is devoted to establishing the theorem which is 
one of the main objects of Part IT, viz., the most general single- 
valued multiply periodic meromorphic function is expressible by 
theta functions whose arguments are written in the Jacobi form 
as linear functions of n integrals of the first kind. 

The tenth and last chapter is a discussion of the number and 
sum of zeros of a set of Jacobian functions, that is, functions 
whose second logarithmic derivatives are periodic. As the 
Jacobian functions are expressible in terms of theta functions, 
we have (in a generalized form) Poincaré’s theorem concerning 
the number of zeros common to a system of theta functions. 

Several appendices are added for the elaboration of certain 
topics associated with the subject in hand. Four of these relate 
to the algebra of matrices, of which free use is made throughout 
the book; one note gives a proof of Abel’s theorem and its 
converse; and a final note considers some examples of algebraic 
curves on the Kummer surface having defective integrals. 

The book has one noticeable feature which will commend 


| 
| 
} 
\ 
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itself to all readers, namely, a separate caption for each page 
intended to indicate briefly the contents of that page. This is 
especially useful as the author seldom sums up results in a way 
readily to catch the reader’s attention. 

J. I. HurcurNson. 


BOCHER’S HIGHER ALGEBRA. 


Introduction to Higher Algebra. By Maxime BOcHER, Pro- 
fessor of Mathematics in Harvard University ; prepared for 
publication with the cooperation of E. P. R. Duvat, Instruc- 
tor in Mathematics in the University of Wisconsin. New 
York, Macmillan, 1907. xi +321 pp. 


Einfiihrung in die hohere Algebra. Von Maxime BOcHER, 
Deutsch von Hans Beck, mit einem Geleitwort von E. 
Srupy. Leipzig, Teubner, 1910. xii + 348 pp. 


THE term “higher algebra” has been so often used in 
America to denote a very low type of merely formal algebra 
and to include subjects like infinite series, which are not prop- 
erly algebraic at all, that it is refreshing to find a book like this 
one of Professor Bocher’s, which really corresponds to its title. 
It does so, not only by reason of the purely algebraic character: 
of its material, but also because this material is worked up in a 
strictly logical as well as systematic manner. 

The amount of available algebraic material is so enormous, 
and it branches out in so. many different directions, that some 
selection is inevitable; even the extensive two-volume works. 
of Weber and Netto are confined to certain special lines. The 
volume under review aims to furnish the reader with an intro- 
duction to the whole field, to lay a broad and deep foundation 
for further study, and in particular, to give an adequate alge- 
braic preparation for the study of modern analytic geometry. 
This aim has been accomplished with remarkable success. 

There is one special topic, however, to which the author 
gives more than an introduction, and that is the theory of ele- 
mentary divisors (Elementarteiler). In the last three chapters 
he not only introduces elementary divisors in a most expedi- 
tious and satisfactory manner, but carries their theory through 
to a fair degree of completeness, so far as the more important. 
applications are concerned. 
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It has for a long time seemed to me that the theory of ele- 
mentary divisors was destined to assume a much more promi- 
nent position in the science of mathematics than has hitherto 
been given it. For in all the applications of linear substitu- 
tions and quadratic forms, whether to geometry, algebra, or the 
theory of numbers, there is a whole class of problems whose 
complete solution is essentially dependent on elementary di- 
visors. This belief is strengthened by observing that the sub- 
ject has recently found a place in several text-books, including 
Muth’s Elementarteiler, Bertini’s Geometria Proiettiva degli 
Iperspazi, Bromwich’s Quadratic Forms, Kowalewski’s Deter- 
minantentheorie, as well as Bocher’s Algebra. 

In the early chapters the author, after deriving some of the 
elementary properties of polynomials and determinants, con- 
siders the theory of linear dependence and the solution of sys- 
tems of linear equations, as based on the idea of the rank of a 
matrix. The great progress that has been made in recent 
years in the theory of linear equations is vividly illustrated by 
the striking contrast between the simplicity and completeness 
of Bocher’s treatment in Chapter IV and the complexity and in- 
completeness of Chrystal’s treatment in the sixteenth chapter 
of the first volume of his Algebra, published in 1886. 

The author then defines a matrix, namely, a square array of n” 
ordinary numbers, as a single complex quantity (hypercomplex 
number), and develops the algebra of matrices in such a way 
as to be able to apply it to linear transformations, colline- 
ations, bilinear forms, and quadratic forms. He very wisely 
makes these subjects concrete and tangible by constantly keeping 
their geometric significance before the reader. 

The subject of invariants is considered from a sufficiently 
broad standpoint to be applicable not merely to the classical 
theory of the invariants of n-ary forms, but to all the mathe- 
matical theories in which invariants occur; and surely that in- 
cludes a very extensive category. The reduction of a quadratic 
form to a sum of squares, the law of inertia for real quadratic 
forms, the properties of a system of a quadratic form and one 
or more linear forms, and the simultaneous reduction, in two 
special cases, of a pair of quadratic forms to sums of squares, 
are taken up inorder. The general problem of the simultaneous 
reduction of a pair of quadratic forms to a normal form is post- 
poned to the last chapter, where it becomes solvable by means of 
elementary divisors. 
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The precise nature of the reducibility of a polynomial in an 
arbitrary domain of rationality and of the greatest common 
divisor of two polynomials is carefully explained, so as to afford 
a firm basis for the treatment of elimination, and of resultants 
and discriminants. Finally, after the theory of elementary divi- 
sors has been developed, it is applied to the important problems 
of the classification of collineations and the classification of 
pairs of quadratic forms. 

It is to be noticed that Galois’s theory of equations and the 
theory of permutation groups, which necessarily accompanies it, 
are not included in the scope of the work, although the group 
eoncept is introduced in connection with linear transformations. 

A very unusual feature is the way in which the material is 
systematized and unified; the connections between different 
lines of thought are pointed out; the origin, significance, and 
application of every new idea are carefully indicated. This 
makes the work an ideal text-book, as I have found by actual 
trial in the class room. 

Naturally, no two persons would quite agree in their choice 
ef the tools to be employed. Personally, it seems to me that 
modular systems might well have been utilized at certain points, 
somewhat as in Pund’s algebra. 

Throughout the literature of linear transformations there is 
a very common confusion arising from the failure to distin- 
guish i in language between the two transformations x, = 2a,2; 
and «, = 2a,x,, either being referred to indiscriminately as the 
linear transformation of matrix a. In Bocher’s book the con- 
text usually indicates which is meant, but clearness would be 
gained by a more explicit statement. 

There are a few trifling errors and misprints, but they will 
cause the reader no inconvenience, and most of them have been 
eliminated in the German translation. There is a good index 
in the original and a still better one in the German edition. 

Although in a rapidly growing science like mathematics the 
best possible text-book must necessarily be restricted to a brief 
period of usefulness, yet it seems evident that this one will 
remain a classic for a considerable time to come. 

The very existence of a German edition is a distinct compli- 
ment, not only to Professor Bécher, but to American scholar- 
ship as well. If we are to judge by the giant strides that math- 
ematical science is now making in this country, similar compli- 
ments will become more frequent in the future. 

ARTHUR RanuM. 
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NON-EUCLIDEAN GEOMETRY. 


The Eleme .ts of Non-Euelidean Geometry. By JULIAN LOWELL 
Coo.tipce. Oxford, Clarendon Press, 1909. 8vo. 291 pp. 


For some time there has been felt in our universities a 
lack of English texts in the branches of higher mathematics, 
while in the lower branches we have been literally flooded with 
them. If our books in the higher branches were to be merely 
good translations of the best that the German, French, and 
Italian have to offer, something is surely gained, but when the 
English texts bear all the ear marks of elegance of form, 
clearness and originality of presentation, and when they 
embody within them the spirit of research, they are not 
only worthy of the highest praise, but they should be re- 
ceived with open arms. It is therefore a great pleasure to 
note how mathematical literature in English has been en- 
riched within the last year by two treatises in two such far- 
reaching and important subjects as the differential geometry 
of curves and surfaces * and non-euclidean geometry. Let us 
hope that the good work thus begun will continue until we 
shall have a mathematical literature of our own which will 
stand comparison with that of other nations. 

The book under review, the first real treatise in non-euclidean 
geometry written in English, is at the same time a most note- 
worthy addition to mathematical literature in general. It is 
one of the books that come under the desirable category above 
described. It contains some original work, part of it hitherto 
unpublished. As far as the general makeup of the book is con- 
cerned, we should note the good table of contents and the 
excellent index. The axioms are printed in heavy type and 
the theorems are numbered, attention being called to these 
by italicizing the word Theorem, but not the body of the 
theorem. A large number of theorems are stated without 
proof — some because they follow easily from the preceding 
ones, and others because the author, as he expressly states, 
wishes to leave them as exercises for the reader. The discus- 
sion is somewhat too condensed in parts ; it would add a great 
deal to the value of the book if some portions were worked out 


* A Treatise on the Differential Geometry of Curves and Surfaces. By 
L. P. Eisenhart, 1909. 


| 
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in more detail — but this briefness is no doubt due to the large 
amount of ground covered in so little space. The reviewer 
would also like to see more words of explanation introduced in 
the proofs, and would appreciate a judicious use of paragraph 
markings and -heavy type headings to indicate a passage from 
one set of related theorems to another set, thus relieving a 
monotonous appearance of the page and lending interest in the 
reading. There are copious foot-notes, giving detailed refer- 
ences and interesting comments on these references and on the 
text. There are several minor typographical errors but these 
offer no hindrance in the reading. 

To understand clearly the author’s purpose, let us quote 
from the preface. ‘“ Recent books dealing with non-euclidean 
geometry fall naturally into two classes. In the one we find 
the works of Killing, Liebmann, and Manning, who wish to 
build up certain clearly conceived geometrical systems and are 
careless of the details of the foundations on which all is to rest. 
In the other category are Hilbert, Vahlen, Veronese, and the 
authors of a goodly number of articles on the foundations of 
geometry. These writers deal at length with the consistency, 
significance, and logical independence of their assumptions, but 
do not go very far towards raising a superstructure on any one 
of the foundations suggested. The present work is, in a 
measure, an attempt to unite the two tendencies.” The author 
has clearly and successfully done what he set himself to do. 
He has given a rigorous treatment of the foundations and hav- 
ing built strongly and wisely, he has raised a firm superstruc- 
ture upon these. He has attacked the problem of non-euclidean 
geometry by its three approaches. (1) The elementary geome- 
try of point, line, and distance (this development is the most 
complete and includes the first 17 chapters); (2) projective 
geometry and the theory of transformation groups (Chapter 
XVIII); (8) differential geometry, with the concept of dis- 
tance element, extremal, and space constant (Chapter XIX). 
The only limitations as to subject matter are that the work 
does not go beyond three dimensions, thus gaining in clearness 
at the expense of generality, and that it treats only of the clas- 
sical (i. e., archimedian and desarguian) systems. 

Chapter I, “Foundations for a metrical geometry in a 
limited region,” formulates the entities, definitions, and axioms 
upon which the geometry is founded. The author has found it 
best suited to his purpose to set up a system of axioms of his 
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own, which is not however as condensed as some hitherto pub- 
lished. For the first fundamental undefinable, the point (as is 
usual) is taken, and for the second, from the mass of objects 
such as segment and motion, segment and order, motion, line 
and separation, and distance, following Peano and Levy, dis- 
tance is chosen. Thus the existence of two classes of objects, 
points and distances, is posited. Then follow 17 axioms with 
their discussion and easily deducible theorems, and upon these 
the three-dimensional type of space is constructed. They in- 
clude the positing of at least two points and a unique object 
called their distance, the usual congruent relations, the relations 
of greater than and less than, then Axiom XI, “If A and C be 
any two points, there exists such a point B distinct from either 
such that AB =AC+CB,” which involves the existence of an 
infinite number of points and removes the possibility of a maxi- 
mum distance ; the axioms establishing a serial order among 
the points of a segment and its extensions, thé extension be- 
yond the geometry of a single line and that beyond the geome- 
try of a single plane. 

Chapter II deals with “ Congruent transformations.” Having 
taken clistance as undefinable and distance being a magnitude, the 
basis for a metrical geometry has been laid. ‘To complete the 
metrical system, two more assumptions are added. The first 
is the axiom of continuity — this leads to several theorems, the 
archimedian axiom, the introduction of the concept of number 
as the numerical measure of two distarces, and its extension to 
the irrational number. Having defined a congruent transfor- 
mation between two sets of points (P) and (Q), it is by means 
of a second axiom which allows the enlarging of a congruent 
transformation to include additional points, and upon the defi- 
nition of angle and its numerical measure, that all the proper- 
ties of congruent figures and the relation of perpendicularity in 
the plane and in space are developed. 

In the last chapter, dealing with the comparison of distances 
and angies and their numerical measures, the question of the 
sum of the angles of a triangle was not considered. It is the 
purpose of Chapter III, “The three hypotheses,” to fill in this 
gap. Here we meet the theorems concerning the continuous 
change of distances and angles. Thus: “If in any triangle, 
one side and an adjacent angle remain fixed, while the other 
side, including this angle, may be diminished at will, then the 
external angle opposite to the fixed side will take and retain a 
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value differing from that of the fixed angle by less than any 
assigned value.” It follows that in such a triangle the sum of 
the angles can be made to differ infinitesimally from a straight 
angle. Then follows the definition of quadrilateral. Then the 
theorems: If there exist a single rectangle, every isosceles 
birectangular quadrilateral is a rectangle ; if there exist a single 
right triangle (any triangle) the sum of whose angles is con- 
gruent to, less than, or greater than a straight angle, the same 
is true of every right triangle (any triangle). According to 
the assumptions, then, of the existence of a single triangle the 
sum of whose angles is congruent to, less than, greater than a 
straight angle, we have the parabolic (euclidean), hyperbolic 
(lobachevskian), elliptic (riemannian) geometries. The chap- 
ter closes by showing that the euclidean hypothesis holds in the 
infinitesimal domain. The development is complete throughout 
and very satisfactory. 

Having now completed the foundations in one direction, the 
materials out of which the superstructure is to be erected are 
gotten ready in this and the succeeding chapters. The devel- 
opment of the trigonometric formulas (Chapter IV) depends 
upon the proofs of the existence of two limits and of the conti- 
nuity of two functions, of a distance and of an angle respec- 
tively. These are (1) the limit of the fraction mCD/MAB 
(a1C_D means the measure of CD in terms of some convenient 
unit) in an isosceles birectangular triangle ABCD whose right 
angles are at A and B, where AB becomes infinitesimally small 
while AD remains constant; and the continuity of the result- 
ing function of mAD; this function ¢(x) is shown to have the 
property $(x + y) + $(x — y) = 24(x)d(y), whose solution is 
easily seen to be 


P(x) = cos 7 


This constant & is later shown to be the radius of a euclidean 
sphere upon which the non-euclidean plane may be developed, 
and therefore 1/X’ is called the measure of curvature of space. 
This again leads to the distinction between the three geometries, 
1/k?=0, according as we have the hyperbolic, parabolic, or 
elliptic case. (2) The limit of the fraction AB/AC in the 
right triangle ABC, right angled at B, where AB becomes in- 
finitesimal while Z BAC is constant. The resulting function 
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f(@) of Z BAC is proved to be continuous, and it obeys the 
law ¢) — $) = 2f(0) f(¢), the same law as ¢$(2) 
above does. Hence f(@)= cos 6/l=cos @ if / is so chosen that 
the measure of right angle is 7/2. It also follows that 
lim BC/AC=sin 6. The development of the usual trigo- 
nometric formulas (corresponding to the spherical trigonometric 
formulas upon a sphere of radius &) now follows, and each is 
shown to be universally true, and reduces to that of the 
euclidean plane if we put 1/4°=0. The discussion is short- 
ened by the use of the consideration that we have euclidean 
geometry in the infinitesimal domain. The entire chapter is a 
bit of rigorous work to be highly commended. Chapter V, 
“Analytic formule,” opens by introducing the idea of directed 
distances and angles and their measurement in the plane and in 
space. The usual coordinate systems are set up, followed by 
the passage to homogeneous coordinates, the formulas for the 
distance between two points and the distance from a point to a 
plane. The element of are length is computed and by com- 
parison with the usual distance formula, it is shown that the 
non-euclidean plane may be developed upon a surface of con- 
stant curvature 1//° in euclidean space. The theorem is 
proven that every congruent transformation of space is repre- 
sented by an orthogonal substitution in the homogeneous 
variables x, : X, : 

To complete the foundations and render them one homogene- 
ous whole, and do away with a disadvantage under which he 
has been laboring from the start, the author now sets him- 
self the task of showing (1) that the assumptions made at 
the outset are consistent, and (2) what degree of precision might 
be given to Axiom XI, where it was assumed that any segment 
might be extended beyond either extremity. These points are 
respectively dealt with in Chapter VI, “Consistency a signifi- 
cance of the axioms,” and Chapter VII, “The geometric and 
analytic extension of space.” That the axioms are sufficient 
has been shown by the possibility of expressing distances and 
angles analytically. The axioms are shown to be compatible 
by setting up actual systems of objects in the plane and in space 
obeying them and the three hypotheses. Their mutual inde- 
pendence is finally examined in the usual way. The author 
now passes to the extension of Axiom XI. It is easily shown 
that under the parabolic and hyperbolic hypotheses, any seg- 
ment may be extended beyond either extremity by any desired 
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amount. This is not so under the elliptic hypothesis. To get 
the desired result, the author sets up six axioms, I’-VI’, of 
which the first two are: there exists a class of objects contain- 
ing at least two members, called points; and every point be- 
longs to a subclass (called a‘consistent region) obeying Axioms 
I-XIX. The others state properties of such consistent regions, 
e. g., any two consistent regions, having a common point, have 
a common consistent region. By means of overlapping consis- 
tent regions, we may by a process of analytic extension, reach a 
set of coordinates for every point in space. A point has a 
unique set of coordinates. But while under the parabolic and 
hyperbolic hypothesis there is but one point for each set of co- 
ordinates, under the elliptic hypothesis there are two possibili- 
ties : (1) there is but one point for each set of coordinates (ellip- 
tic space) ; (2) there are two points (called equivalent points) 
at a distance ka which have the same set of coordinates (spher- 
ical space). From the additional axioms it aiso follows that 
there must exist, under the elliptic hypothesis, a point having 
any chosen set of homogeneous coordinates not all zero. This is 
not so in the other two cases, and the author brings these two up 
to an equality with the first by the extension of the concept point 
so as to include ideal elements. It is also shown how to find 
figures corresponding to imaginary coordinate values. The 
extension is completed by extending the concepts distance and 
angle to fit the extended space. The remainder of the chapter 
shows how this extension may be made by the use of the abso- 
lute and the cross-ratio, in the highly interesting procedure of 
Cayley’s Sixth memoir upon quantics. 

Chapter VIII is a discussion of “The groups of congruent 
transformations.” Having defined a congruent transformation 
as any collineation of non-euclidean space that keeps the absolute 
invariant, and having shown that every such collineation is a 
congruent transformation, the author now sets up the groups 
and subgroups of congruent transformations, by studying the 
collineations of space that carry the absolute into itself, and 
viewing the matter both from an analytic and geometric stand- 
point. 

Chapter IX deals with “ Point, line, and plane treated analyti- 
cally.” Having now completed the foundations and gotten ready 
the machinery for treating space as a perfect analytic continuum, 
the author launches forth to build up his superstructure. And 
having built strongly and surely, the task is not a difficult one. 
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The object of this chapter is to express the fundamental metri- 
cal properties of the point, line, and plane in terms of the in- 
variants of the congruent group. The absolute is the basis of 
all the work. The theorems are proven, using the nomencla- 
ture of the point geometry, but they are stated, in their full 
duality, in parallel columns. The work moves along rapidly. 
It includes theorems on the centers of gravity of two or more 
points, loci of second order, the parallel angle, the desmic 
configuration, and paratactic lines. 

This last chapter included an introduction of the non-euclid- 
ean line geometry, using the line as element. Chapter X, 
“The higher line geometry,” is a highly interesting continua- 
tion of that work, using a pair of lines, invariantly connected, 
as element. This element is the cross— the proper cross is a 
pair of real lines mutually absolute polar, neither of which is 
tangent to the absolute, and determining a pencil of coaxial 
complexes. The Pliicker coordinates of the pencil are used as 
the coordinates of the cross, which consists of the directrices of 
the common congruence. In the case where one pair of lines 
is tangent to the absolute, all the complexes of the pencil are 
special, and they may be determined by any pair of a pencil of 
tangents; this pencil of tangents is called an improper cross. 
The geometry of the cross in hyperbolic space throws light 
upon the geometry of the point in the complex elliptic plane, 
for there exists a one-to-one correspondence between the two 
assemblages. The geometry of the cross in elliptic space, on 
the other hand, finds its counterpart in the geometry of pairs of 
points, one in each of two real planes. The simplest configura- 
tions of crosses, such as the chain and synectic congruence, are 
then studied and carried over to their corresponding analogues 
mentioned above. The Clifford surface is briefly touched here. 
The development of the cross-geometry in elliptic space is the 
author’s own. 

The following three chapters: Chapter XI, “ The circle and 
the sphere,” Chapter XII, “ Conic sections,” and Chapter XIII, 
“ Quadric surfaces,” are analytic studies, including complete 
classifications, of the metrical properties of these concepts and 
their configurations in non-euclidean space from the dual stand- 
point as loci and as envelopes. The first of these chapters ends 
with an elegant transformation from euclidean to non-euclidean 
space, showing that the Darboux-Dupin theorem (in any triply 
orthogonal system of surfaces, the intersection lines are lines of 
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curvature) must hold in hyperbolic space; the last one ter- 
minates with the introduction of elliptic coordinates, and a pretty 
bit of work whereby Staude’s ring construction of the ellipsoid 
is extended to non-euclidean space. 

Chapter XIV discusses “ Areas and volumes.” The first 
function developed is the sine amplitude of a triangle in terms of 
the sides and angles, which is closely analogous to the correspond- 
ing area of a euclidean triangle; indeed if we put 1//*=0, 
then / sin (ABC) =2 area AABC. The area of a bounded 
surface is now defined to be the limit of a sum of infinitesimal 
quadrilaterals (triangles) covering the surface ; this corresponds 
to the definite integral, and the area of a triangle is shown to be 
equal to the quotient of the excess (A + B+ C — 1) by the 
measure of curvature of space. The sine amplitude also 
appears in considering volumes of tetrahedrons; again if 
1/k? = 0, then #*sin (ABCD) = 6 volume tetrahedron ABCD. 
Following Schlafli, a formula for the volume of a tetrahedron 
as a definite integral is set up. The volumes of a cone of revo- 
lution, ot a sphere, and the total volume of elliptic and spheri- 
cal space, are also found. 

In Chapters XV, “ Introduction to differential geometry,” and 
XVI, “ Differential line geometry,” the differential geometry 
of non-euclidean space is dealt with. The developments in the 
first of these follow the general scheme worked out for the eu- 
clidean case in Bianchi,* but the method is different from the 
latter’s development of the non-euclidean case.t Starting with 
the striking theorem: “the square of the curvature of a curve 
is the square of its curvature treated as a curve in a four- 
dimensional euclidean space, minus the measure of curvature of 
the non-euclidean space,” and finishing with the theorems on 
minimal surfaces, the reviewer has found this chapter as well as 
the succeeding one, some of the pleasantest reading and most 
interesting in the entire book. In the latter chapter, the line 
geometry as developed in Chapters X and XV receives its final 
treatment. It is particularly a study of the line congruence—the 
general properties concerning the limiting and focal points and 
planes, the normal and isotropic congruences. The theorems 
are stated in all their duality, including some of the author’s 
own work on isotropic congruences. The chapter ends by 


IV, Vi. 
¢Ibid., chapters XXI, XXII. 


* Bianchi-Lukat, Vorlesungen iiber Differentialgeometrie, chapters I, IIT, . 
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pointing out the remarkable correspondence existing between 
the theory of rays in hyperbolic and elliptic space. 

In Chapter X VIT, “ Multiply connected spaces,” the author 
returns to complete the problem of Chapter VII. There, the 
proof that to each point there corresponded but a single set ot 
homogeneous coordinates depended upon Axiom VI’, which 
required that ‘a congruent transformation of any consistent 
region may be enlarged in a single way to be a congruent trans- 
formation of every point.” Casting this one assumption aside 
and keeping all the others, is it possible to have a space where 
each point shall correspond to several sets of coordinate values? 
Such spaces are found obeying Axioms I’/—V’, and in the sense 
of analysis situs these are multiply connected. As for the con- 
gruent transformations which lead to the group of identical 
transformations of a multiply connected space, examples are 
found for the euclidean plane and space, and some little known 
examples for the hyperbolic case ; there are no multiply connected 
elliptic planes, but there are such three-dimensional spaces. 

Chapter XVIII, “The projective basis of non-euclidean 
geometry,” tends to base the metrical non-euclidean geom- 
etry upon projective considerations —and truly so, for the 
former depended upon the cross-ratio which is a projective 
concept. The author thus starts anew, sets up a system of 
eleven axioms for projective geometry, taking point, line, and sep- 
aration as fundamentals, points out the invariance of the cross- 
ratio, sets up the coordinate system for the point in the line and 
plane by means of this, also the equations of line, plane, and 
quadric. There are now added five axioms regarding the laws 
obeyed by an assemblage of transformations called congruent 
transformations ; and a quadric cone (absolute) is found which is 
invariant under these; two other axioms now serve to define 
distance by means of a cross-ratio and the previous distance 
formula is finally reached; hence we have the conclusion that 
this set of eighteen axioms are compatible with the hyperbolic, 
elliptic, or parabolic hypothesis, and with these only. 

In the concluding Chapter XIX, “The differential basis for 
euclidean and non-euclidean geometry,” the problem is finally 
attacked from the differential viewpoint. It was shown that 
a non-euclidean plane was a surface of Gaussian curvature 
1/k°; further that the sum of the distances from a point 
to any other two, not collinear with it, was greater than 
the distance of these latter; thus the straight line ought toe be 
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looked upon as a geodesic, and a plane may be generated by a 
pencil of geodesics through a point. The problem then is: to 
determine the nature of a three-dimensional point manifold 
which possesses the property that every surface generated by a 
pencil of geodesics has constant Gaussian curvature. The con- 
cepts point and correspondence of point and coordinate set are 
taken as fundamental. Three axioms are set up—one positing 
a restricted region, the second setting up the differential distance 
formula in such a region, and the third positing congruent 
transformations between ares of geodesics. By the introduc- 
tion of curvature of space, the previous distance formulas are 
again arrived at, and we draw the conclusion that these three 
axioms are compatible with the euclidean, hyperbolic, and 
elliptic hypothesis, and with these alone. 

The chapter terminates with a brief summary of the entire 
work, in which the author discusses the pros and cons of the 
three methods of attack of the problem of non-euclidean geom- 
etry, viz., the first method developed in the first seventeen chap- 
ters, the projective method of Chapter X VIII, and the differen- 
tial method of Chapter XIX. The last of these is no doubt 
the quickest and most direct, but this directness has been gained 
at the high price of “assuming at the outset that space is some- 
thing whose elements depend in a definite manner on three inde- 
pendent parameters,” instead of the more abstract view, which 
looks upon space as a set of objects which can be arranged in 
multiple series. The author concludes, and we join with him 
in this, that there is no answer to the question which method is 
the best, but that the choice is a matter of personal esthetic 
preference. 

In conclusion, the reviewer might again call attention to the 
elegant and vigorous style, to the very thorough and consistent 
treatment of the subject, and to the logical building up: of the 
material step by step into one complete and harmonious whole. 
We might close with the author’s words: “ Let us not forget 
that, in a large measure, we study pure mathematics to satisfy 
an esthetic need.” 

JOSEPH LIPKE. 
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Spezielle ebene Kurven. Von Dr. HEInr1cH WIELEITNER. 
Leipzig, Géschen (Sammlung Schubert LVI), 1908. 8vo. 
xvi + 409 pp. 

Tue high standard which the author’s book on Algebraische 
Kurven set is maintained in this admirable treatise both in 
subject matter and presentation. The fact that it has 189 
figures and 282 sections in its text, each of which contains a 
discussion of several curves, gives an idea of the comprehen- 
siveness of the treatment. 

The arrangement of the book is unique and the reader is not 
bored as though he were reading a curve catalogue, but has his 
interest continually quickened by the clever manner in which 
one group of curves leads up to another and the curves of a 
group are related. Of the two most noteworthy books on this 
subject, Gino Loria arranges his “Spezielle algebraische und 
transzendente ebene Kurven” with their historical significance 
as a background ; while F. Gomes Teixeira wrote his “ Tratado 
de las curvas especiales notables” more as an encyclopedia. 
Wieleitner however takes up thesubject from the standpoint of the 
mode of generation of the curves, without regard to their order or 
transcendency. The distinctive and most interesting feature of 
the book is that the author avoids the chaos of separate head- 
ings and at the same time makes a connected whole by putting 
in each family of curves those which arise from the original 
curves of the group by certain derivations such as inversion, 
pedal construction, polar reciprocation, evolute formation, and 
others. Thus certain curves are studied from many points of 
view and great numbers of the more noted curves are found to 
possess relations to each other which are fascinating to the 
reader. 

The book contains five chapters headed respectively Cissoids, 
Conchoids, Other curves with simple kinematic generation, 
Roulettes, and The method of change of coordinates. We will 
mention briefly the contents of the first three chapters in order 
to speak more fully of the important things covered by the last 
two. 

The generalized cissoids are defined as those curves formed 
by drawing through any point O a straight line G which cuts 
two arbitrary curves [ and I’ at P and P’ respectively ; the 
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locus of a point Q on G chosen so that OQ =OP’ — OP is 
the generalized cissoid. The author immediately gets its 
general equation, a formula for its order, and some general 
theorems on the family. Then comes a thorough treatment of 
the case where T' and I’ are straight lines and circles ; also of the 
pedal curves of central conics (such as the familiar lemniscates), 
which are found to be intimately connected with cissoids, and so 
the discussion is led to properties of the family of quartics hav- 
ing three inflexion nodes. The chapter concludes with a con- 
nected analysis of the lines of Perseus, pedal curves of the para- 
bola, non-circular rational cubies as cissoids, and two other 
types of rational cubics, namely the normal curve of the para- 
bola and the curves generated from a circle and straight line 
by Maclaurin’s transformation. 

Conchoids, or those curves obtained by lengthening or shorten- 
ing the radii vectores of any curve by a constant amount, 
which are really special cissoids, have the importance given to 
them justified by the so-called mechanical conchoidal construc- 
tion, which is this: Given two planes A and A’ one above the 
other ; in Aa fixed point O and a fixed curve I, in A’ a straight 
line G and on it two fixed points P and Q. If A’ is displaced 
so that G always passes through O and P moves on G, then Q 
describes in A a conchoid of I’; at the same time points outside 
G and in A’ describe what are called oblique conchoids, and 
the motion of A’ with respect to A is called conchoidal. The 
fundamental notions of kinematic geometry are taken up and 
general theorems on such motions as the above, and in particu- 
lar where A and A’ coincide, are derived. The author then 
makes a complete study of conchoids of straight lines, and astheir 
general equation contains a parameter angle, many special cases 
are at once evident, which in consonance with his general method 
of attack he immediately defines as various sorts of loci. This 
is followed by consideration of a family of rational quartics 
which have double points at infinity, such as the trisecant and 
cocked hat. Then come conchoids of circles and conics ; the 
former turn out to be pedal curves of a circle, and their in- 
verses and evolutes are of interest. The chapter ends with a 
discussion of Cartesian ovals as those curves which have the 
same power with reference to a circle conchoid, and with the 
determination of these ovals as loci of points satisfying certain 
conditions. 

Chapter III begins with the definition of a motion where- 
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by two points Pand Q of the plane A’ are made to slide on two 
straight lines G and T of A, i. e., a constant length PQ is forced 
to move with its end-points on two given straight lines in the 
same plane. The questions then are: What curve does any point 
of A describe? What envelope has any line of A’? In answering 
these questions one gets the line equation of the regular astroids 
and of their parallel curves the oblique astroids. Wieleitner 
introduces here for the first time one of his sharpest tools, namely 
intrinsic or natural coordinates, in which the astroids have 
simple forms, e. g., the regular astroids have the ordinary rect- 
angular elliptic form. These forms yield many properties, and 
by projection and the formation of their evolutes a number of 
curves are related. The cardioid and its dependent curves are 
then considered in detail and by means of its natural equation 
9R? + s* = (8r)* a chain of curves, such as cardioids, Tschirn- 
hausen’s cubies, parabolas, and Cayley sextics, is woven by simple 
transformations. The final sections of the chapter are given to 
Steiner’s curve (tricuspid hypocycloid) and the “‘ Koppelcurve 
des Kurbelgetriebes.” 

Chapter IV, which occupies 143 pages, is devoted to roulettes 
and special cyclic curves and is probably the most noteworthy of 
the book. It begins with the basal principles of natural geom- 
etry, i. e., curves are given by equations R = f(s), and a dis- 
cussion of the general problem of the locus of a point in the 
plane of a curve A which rolls on another curve Z. By means 
of natural coordinates there are derived the general equation of 
roulettes and general formulas, the most important of which is 
the Savary formula, connecting the coordinates of the two base 
curves. 

After this general discussion the author gets at once to 
the cycloidal curves where the coordinates R of L and R, 
of A are constant and equal to FR and r respectively. 
These cycloidals have the equation s*/a? + R?/b? = 1 (epicy- 
cloids) or s*/a? — R?/b? =1 (hypocycloids). If r = 2 their 
equation becomes R? = 2Rs which is the evolute of a circle; 
and if R = 00, s*— R? = (4r) which is the ordinary cycloid. 
An interesting set of theorems follow connecting these curves 
and their evolutes, and also the cycloidals and the pedal curves 
of conics. By writing the general cycloidals in the form 


(0+ R/a=A/# [A= ay], 


classification is immediate: if a <0, we have cycloidals with real 
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base curves; a> 0, pseudo-cycloidals; a= 0, circleevolute. If 
A>0and—1<a<0, epicycloids; a =— 1, ordinary cycloids ; 
a<—1, hypocycloids; ete. If A=0 we get R = ks, which are 
logarithmic spirals; an interesting discussion of them follows. 

So far in this chapter curves of the form R? = as? + 28s + y 
have been considered, which naturally suggests an analogy to 
conics. This is carried out neatly by the introduction of the 
Mannheim curve defined thus: “ A curve I rolls on a straight 
line, the center of curvature of its point of contact describes a 
curve I” which is the Mannheim of [.” So the Mannheim of 
R= f(s) is y= f(x), i.e., of the cycloidals s*/a’+ R’/b’?=1 it 
is the ellipse x’/a? + ¥?/b? = 1(a> b epicycloids, a < b hypo- 
cycloids, a = bcycloids). Similarly the Mannheim of the circle 
evolute R* = 2ps is the parabola y* = 2px, those of the para- 
cycloids are hyperbolas, and those of the logarithmic spiral two 
straight lines. 

This brings the author to the next important family of tro- 
choidal curves, i. e., the curves traced by arbitrary points in 
the plane of two circles which roll upon each other. Their 
general equation in parametric form is derived and epi- and 
hypotrochoidals are distinguished. By transforming one set of 
trochoidals (stellar) to polar coordinates he finds them to be the 
ordinary rose curves and then follows an interesting section con- 
necting these various curves, e. g., “the pedal curve of a cycloidal 
is a stellar trochoidal,” and “ the rose curve of modulus 2 is the 
pedal curve of an epicycloid of the same modulus.” 

If the radius of one of the rolling circles becomes infinite, a 
set of curves known as trochoids arise and these turn out to be 
projections of an ordinary helix. Thus by projecting a helix from 
infinity we get a sine curve; from a point on the axis of the 
helix a hyperbolic spiral. If the radius of the other circle 
becomes infinite we get an ordinary circle evolute, and these 
helices, evolutes, spirals, ete., are connected by a chain of 
theorems, e. g., if we call circle evolutes, Archimedes spirals, 
and hyperbolic spirals, 1, 2, and 3 respectively, we can state: 
“2 is the inverse of 3 and the pedal of 1; 1 is the polar 
reciprocal of 3, and by getting the curve (tractrix complicata) 
of whose existence we are assured which is the inverse of 1 and 
the pedal of 3, the series is complete.” By projecting the helix 
from the surface of the cylinder, Wieleitner gets a new curve, 
the kachleoide, which has interesting properties as a locus and 
is intimately connected with the hyperbolic spiral and the 
quadratrix of Dinostratus. 
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The last part of the chapter is given up to roulettes of 
various kinds and begins with higher circle evolutes, i. e., evo- 
lutes of evolutes. The equation of the nth evolute of a circle 
can be written 

(n + 1)" 8"; 

n 

its pedal curves are algebraic spirals and its Mannheim curves 
are simple. Then come such curves as Sturm’s spiral, Tschirn- 
hausen’s cubic, Galileo’s spiral (pedal curve of the second 
circle evolute), Fermat’s spiral, parabolic spiral, and lituus ; roll 
curves generated by conics rolling on a straight line, the recti- 
fication of some of which leads to elliptic integrals and whose 
natural equations are expressed in infinite form. One of the theo- 
rems, part of which is familiar, may be of interest as exemplifying 
the general treatment: “ If a logarithmic spiral rolls on a straight 
line G, its ‘Auge’ describes a straight line; the focus of a 
parabola rolling on G describes a catenary and its directrix 
envelopes a catenary; the cusp of a cardioid rolling on G 
describes an astroid with two cusps on G ; if a Ribaucour curve 
of index n rolls on G its directrix envelopes a Ribaucour curve 
of index (n — 1)/(n + 3) having G as a directrix; if a cycloid 
rolls on G, its directrix envelopes an astroid and if a catenary 
rolls on G, its directrix passes through a fixed point.” The 
chapter ends with some general theorems on roll curves. 

Chapter V is rather novel and is on the methods of trans- 
formation of coordinates, i. e., the results to be obtained by 
mapping one plane on another. We have already mentioned 
that to each curve f(s, 2)=0 corresponds the Mannheim f(x, y)=0 
and the question now is what properties of curves do we get if 
we reverse the process, i. e., set = s and y = R, or ask what 
curve K belongs to K'( F(x, y) = 0) if K’ is to be the Mannheim 
of K? Wieleitner also considers the transformations x = 76, 
y=p and R=p—r,s=76 and calls f(p — r, 0) the general 
Mannheim, and then seeks, for example, those curves whose 
general Mannheims are conchoids. 

The sections of especial interest in the remainder of the 
chapter are on pseudo-spirals (R = a'~*s"), W curves, radials, 
and arcuids. The treatment of W curves is of especial value. 
Starting with y= Kx”, the author discusses the singularities, etc., 
of these binomial curves and shows them to be polar reciprocal 
to themselves with respect to certain conics. Finally he comes 
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to the case where p/q is irrational and thus gets a set of so- 
called interscendental curves. The W curves are now defined 
as projections of these interscendental curves and have the 
equation 2~*a3s-"1g21-" = K where a,, a,, and a, are loga- 
rithms. They are the path curves of a certain projective group 
and are the basis of many beautiful theorems, such as: “If the 
above conic has the fundamental coordinate triangle for its 
polar triangle, the reciprocals of the W curves with respect 
to it are W curves of the same system. If the conic touches 
the W curve, the latter’s polar reciprocal is identical with itself.” 
“ The cross ratio of the point of contact of a tangent 7 of a W 
curve and the three points of intersection of 7’ and the sides of 
the fundamental triangle is constant for the entire curve and for 
each curve of the system.” As the logarithmic spirals are W 
curves, we get many theorems about them, their pedal curves 
and evolutes. 

Radials (p = f(@) is the radial of R = f(r)) are treated in 
general and in detail and such theorems as the following hold: 
“The radial of a curve W is the cissoid of the pedal curve of 
W and the pedal curve of the second evolute of W with respect 
to an arbitrary point.” Lamé’s curves (a/a)” + (y/b)" = 1 are 
well classified and the chapter ends with arcuids, i. e., curves 
given by s = ¢(7). 

In summing up we would say that the large amount of new 
results in the book and the attractive setting of the old material 
show such mastery of the subject and render the book such 
a standard that it is hard to see how it can be improved upon. 
The type adopted, the arrangement of the sections, the com- 
pleteness of the index, and the distinctness and accuracy of the 
figures are a delight to the reader. The only fault, and one 
that is sure to be found with any such book, is that very often 
curves are dragged into relationship with others and are made 
the subjects of many theorems without any apparent consent on 
their part. 

E. Gorpon 


| 
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SHORTER NOTICES. 


Die Elemente der Mathematik, Band II: Geometrie. Von E. 
BoreL. Von Verfasser genehmigte deutsche Ausgabe, 
besorgt von P. STAcKEL. Leipzig, Teubner, 1909. 8vo. 
xii + 324 pp. 

THE work here considered is the second volume of the Ger- 
man edition of Borel’s Elements of Mathematics. It is intended 
as a text-book of geometry for use in the secondary schools of 
Germany. While the language in which it is written precludes 
its use as a text-book in this country, it contains so many modi- 
fications, both in subject matter and in method of presentation, 
of the customary course in elementary geometry, that it will be 
read with interest and the results obtained from the use of it 
will be watched carefully by all who are interested in the 
reform of the secondary school course in geometry in the 
United States. 

The spirit which animates the book is stated in the preface 
in the following way: “The conviction that the instruction in 
elementary geometry ought to be revised is daily gaining 
ground, although certain persons strongly oppose it. These 
people fear that the logical structure which the Elements of 
Euclid has for its foundation will be torn down. Would it 
not be better, they say, to improve and extend this structure, 
as in the past, rather than to tear it down and attempt the 
dubious experiment of building a new one in its place? I can 
not participate in this view of the matter and believe, on the 
contrary, that, in a few decades at the latest, instruction in 
geometry will be based on a new principle. This new principle 
was arrived at only in the course of the nineteenth century by 
the efforts of eminent mathematicians. It consists in the real- 
ization that elementary geometry is equivalent to the investigation 
of the group of motions.” 

As an illustration of the differences of this text from the 
customary books based on Euclid’s Elements may be cited the 
discussion of incommensurable quantities and the proofs by 
limits to which they give rise. The existence of incommen- 
surable lengths, for example, appears as a difficulty which 
would naturally be encountered in measurement. The diffi- 
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culties in the demonstrations to which these quantities give rise 
are surmounted by a device which again is suggested by measure- 
ment and which exhibits all the rigor that the student is likely 
to be able to appreciate. 

It will hardly be questioned that this text will appeal more 
strongly to the students’ interest than Euclid, nor that the 
material is better selected with reference to the students’ 
capacity to receive it, nor that the student can, by the expendi- 
ture of a given amount of energy, obtain a greater amount of 
mathematical information from this text than from Euclid’s 
Elements. It still remains in doubt, however, whether the 
student will obtain the same thorough training in rigorous, 
careful reasoning in this course as under the present discipline. 

C. H. Sisam. 


The Foundations of Mathematics. A Contribution to the Phi- 
losophy of Geometry. By Dr. Pauxt Carus. Chicago, 
The Open Court Publishing Co., 1908. 141 pp. 

Tuis book is, mathematically speaking, a more or less popu- 
lar treatise, which would appear to have for its primary object 
an effort to show that geometry can be obtained a priori, by 
abstraction, from the notion of motility, and can be constructed 
from this alone by making use of the principles of reasoning, 
all axioms being unnecessary. 

The book opens with a historical sketch, which is fairly aceu- 
rate, mentioning particularly the work of Euclid, Gauss, Rie- 
mann, Lobachevsky, Bolyai, Cayley, Klein, and Grassmann. 
The author then introduces chapters on “The philosophical 
basis of mathematics” and “ mathematics and metageometry ” 
in which his philosophical theories are presented. Briefly ex- 
pressed, his doctrine seems to be about as follows: “Space is 
the possibility of motion, and by ideally moving about in all 
possible directions, the number of which is inexhaustible, we 
construct our notion of pure space. If we speak of space we 
mean this construction of our mobility. It is an a priori con- 
struction and is as unique as logic or arithmetic. There is but 
one space, and all spaces are but portions of this construction.” 
Mathematical space is a priori, in the Kantian sense, not how- 
ever ready made in the mind, but the product of much toil and 
careful thought. Mathematical space is an ideal construction, 
hence all mathematical problems must be settled by a priori 
operations of pure thought, and can not be decided by external 
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experiment or by reference to a posteriori information. Space 
being obtained by abstraction, is unique, and has definite prop- 
erties, and requires no axioms for its development. The theory 
of parallels is only a side issue of the implications of the straight 
line. The author leads the reader to expect the conclusion 
that Euclid alone is valid, yet he says later (page 121), “The 
result of our argument is quite conservative. It reestabliskes 
the apriority of mathematical space, yet in doing so it justifies 
the method of metaphysicians in their constructions of the 
several non-euclidean systems.” 

There is much vagueness and apparent contradiction in the 
book. The abstraction process, except in so far as it is purely 
intuitional, would seem, if definite at all, to be nothing more than 
an arbitrary process, and hence equivalent to a set of axioms. 
The author is not concerned with any question of betweenness, 
or of continuity, except as involved in notions of homogeneity, 
evenness, his interest being almost entirely in the parallel 
axiom and its implications. 

The book concludes with an epilogue in which the analogy 
between mathematics and religion is discussed, although the 
precise analogy is not quite clear. 


F. W. Owens. 


Mechanics. By Joun Cox. Cambridge University Press 
(Cambridge Physical Series), 1904. Demy 8vo. xiv + 
332 pp. 

Tus book ought to have a far reaching influence on the 
teaching of elementary mechanics. It contains really good 
illustrative examples, concrete, practical, and instructive, and 
at the same time, gives clear and accurate statements of the 
fundamental principles. It is not overloaded with theory more 
general than ordinary applications require. Further, principles 
are expressed in words rather than by formulas. In simple 
examples it is clumsy to use a general formula, in complicated 
examples verbal expression often clears the view, in all examples 
the mere substitution of numerical values in a formula is poor 
practice. 

Two paragraphs from the author’s preface are worth quoting. 
‘‘Some years ago I stumbled on the first German edition of 
Professor Mach’s Die Mechanik in ihrer Entwicklung. .. . 
Since then my teaching has been based more and more on the 
lines laid down by Mach, and as I have found it impossible to 
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induce ordinary students to read the original even when trans- 
lated, I recurred to the idea of writing a text book which 
should yet be based on Mach’s method.” 

“ Until Mechanics is clad in its historical flesh and blood, it 
will remain the dull and tiresome subject that has convinced so 
many generations of students that an abysmal gulf separates 
theory from practice.” 

The book is divided into four sections: historical, mathe- 
matical formulation, various applications, rigid dynamics. 

The first section deals successively with Archimedes’ treat- 
ment of the theory of the lever in the third century B. c., and 
applications including centers of gravity and the balance ; 
Stevin’s solution of the problem of the inclined plane in the 
sixteenth century and extensions to the parallelogram of forces 
and virtual work ; Galileo’s foundations for dynamics, their 
application to uniform motion by Huyghens, and Newton’s 
deductions from the theory of universal gravitation, all in 
the seventeenth century. 

The second section begins with a chapter on kinematics, 
followed by the laws of motion and their verification by At- 
wood’s machine, energy, the usual treatment of the equilibrium 
of forces in a plane, and friction. 

The various applications in the third section include bra- 
chistochrones, projectiles, simple harmonic motions, with Fres- 
nel’s rule for compounding them, the simple pendulum, an out- 
line of Newton’s Principia, and impact. 

The elementary theory of rigid dynamics contains chapters 
on Huyghens’s treatment of the compound pendulum, D’Alem- 
bert’s principle, moments of inertia and their experimental 
verification, determination of gravity by Kater’s pendulum and 
the Cavendish experiment. 

It is by following the historical order of development, by 
bringing the reader into close contact with original masterpieces, 
and by the concrete illustration of principles in practice that 
the author has produced a book so valuable that any criticism 
seems ungenerous. 

But the book is the beginning of a new era, not the last word 
in an old one. There are a few errors in the answers to ex- 
amples, but this is no disadvantage for classwork. A freer use 
of the concepts and notation of the calculus would be more in 
accord with present ideas, and amongst other things, would 
avoid the unsatisfactory treatment of motion down a’ smooth 
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curve as the limit of motion down a series of inclined planes 
without any consideration of the impacts involved. 

In the section devoted to mathematical formulation no men- 
tion is made of centers of gravity or of the vector law of addi- 
tion. Varignon’s theorem of moments should have a proof 
more modern than his own geometrical one. The treatment of 
forces in one plane acting on a rigid body would be more satis- 
fying if the logical steps were made clearer. The following 
definition of equilibrium is tacitly assumed : A system of forces 
in one plane acting on a rigid body is in equilibrium if the sum 
of their moments about every point in that plane is zero. 

Lastly, how about the definitions of mass and force? Of all 
sources of error these are the most persistent. There are two 
logical systems, to be found respectively in Mach’s Science of 
Mechanics and Maxwell’s Matter and Motion. In the former, 
which is purely dynamical, first mass and then force are defined 
by combining Newton’s second and third laws. “ All those 
bodies are of equal mass, which, mutually acting on each other, 
produce in each other equal and opposite accelerations.” In 
the latter, equal forces are defined by their statical effect and 
Newton’s first law and then Newton’s second law furnishes a 
definition of mass. 

“Tf a body moves with constant velocity in a straight line, 
the external forces, if any, which act upon it balance each other, 
or are in equilibrium.” (Article 42.) 

“We shall assume that it is possible to cause the force with 
which one body acts on another to be of the same intensity 
on different occasions. . . . We know that a thread of caout- 
chouc when stretched beyond a certain length exerts a tension 
which increases the more the thread is elongated. . . . When 
the same thread is drawn out to the same length it will, 
if its properties remain constant, exert the same tension.” 
(Article 45.) 

“Hence any two bodies are of equal mass if equal forces 
applied to these bodies produce, in equal- times, equal 
changes of velocity. This is the only definition of equal 
masses -which can be admitted in dynamics, and it is applicable 
to all material bodies, whatever they may be made of.” 
(Article 46.) 

The author is surely right in throwing over Mach’s defini- 
tions and adopting those of Maxwell. In Matter and Motion, 
however, there are passages which tend to obscure the scheme 
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outlined in the three extracts quoted above, and in the author’s 
article dealing with mass and force (pages 116-118) there is a 
corresponding haziness of outline. It is distinctly unfortunate 
that the only definition of force given in the book is that of 
Newton, “ Force is anything which changes or tends to change 
a body’s state of rest or of uniform motion in a straight line.” 
That this definition almost immediately precedes Maxwell’s 
definition of equal masses quoted above, makes the omission 
still more serious. Still, the work should rank as the most 
important contribution of late years to the teaching of elementary 
mechanics. 
W. H. Jackson. 


Theorie der Elektrizitit. Von M. ABRAHAM. Zweiter Band : 
lektromagnetische Theorie der Strahlung. Zweite Auflage. 

Leipzig, Teubner, 1908. xii + 404 pp. 

THE earlier edition of Abraham’s Theory of Electricity was 
reviewed in these pages,* and no very extensive mention of the 
present edition seems needed. Although the number of pages 
in 1908 remain identical with that of 1905, and neither the 
titles nor the numbers of the sections are disturbed until the 
last quarter of the book, there have been introduced into the 
new edition some considerable and important alterations and 
improvements aimed to keep the work up to date. A saving 
here and there of about 18 pages up to the point where the 
author discusses phenomena in moving bodies and a thorough 
rewriting of the theory of moving bodies enables him to give 
to this subject the careful and critical discussion which its rapid 
advance and numerous controversies of the last few years neces- 
sitate. As points of especial interest may be mentioned the 
presentation of the equations of Lorentz, Cohn, and Minkowski 
with a discussion of their individual characteristics, the devel- 
opment of the dynamics of the Hohlraum, the treatment of 
local time, and the investigation of the principle of relativity. 
These matters are all still under critical discussion in the scien- 
tifie world and are perhaps likely to remain in the spotlight 
for some time. The account here given by Abraham seems 
particularly valuable in that it enables the reader to get a good 
knowledge of the subjects from a single author and a single 
reference. 

The principle of relativity is an interesting hypothesis and 
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has probably taken a grip upon pure mathematicians to a consid- 
erable extent since it was mathematically formulated by Poin- 
earé and Minkowski. It would be particularly interesting to 
know just what this principle is. Many a person seems to have 
a general idea as to what it is, and the general ideas seem in a 
general way to be very much the same; but it is doubtful if 
these various persons agree in the details of their ideas on the 
subject. For instance, if we understand correctly the point of 
view of Poincaré, it is an essential element of the principle of 
relativity that the transformations of Lorentz form a group; 
whereas we find Abraham stating that Cohn’s theory also satis- 
fies the principle of relativity, and Cohn’s transformations do 
not forma group. From Lorentz’s point of view of motion 
relative to an ether, the principal of relativity appears as a 
physical theorem ; for some more recent writers it appears to 
be a metaphysical principle or at least a psychological theorem. 
The whole matter needs an exhaustive analysis. In his clos- 
ing remarks Abraham seems to suggest that a different pro- 
cedure be employed according as electrons or ponderable bodies 
are considered. This might avoid some difficulties at present 
but is not finally satisfactory from a scientific point of view. 


E. B. WILson. 


CORRECTION. 


In Dr. W. B. Carver’s paper on ‘Degenerate pencils of 
quadrics” in the BuLLETIN for July, 1909, the first sentence 
of the third paragraph on page 486 should read: Proper con- 
figurations exist for types 1, 2, and 4, and do not exist for 
types 3 and 5. 
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NOTES. 


THE following papers have been read at recent meetings of 
the Edinburgh mathematical society. May 13: by G. E. 
CRAWFORD, “ Properties of quadrilaterals and five-point 
space figures” ; by D. M. Y. SommERvILLE, “ Note on the 
geometries in which straight lines are represented by circles.” 
June 10: R. C. ARCHIBALD, “ Discussion and history of certain 
geometrical problems of Heraclitus and Apollonius”; C. 
M’Leop and W. P. Ming, “Triangles triply in perspec- 
tive.” 


THE eighty-second meeting of the society of German natural- 
ists and physicians will be held at Kénigsberg, September 18 
to 24. As usual, the Mathematiker-Vereinigung wili meet in 
affiliation with the general society. Papers to be presented at 
this meeting should be submitted to the secretary, Professor A. 
Krazer, Karlsruhe, Westendstrasse 57. 


THE summer meeting of the British association for the 
advancement of science will be held at Sheffield during the 
week beginning August 31. Professor E. W. Hoxson is chair- 
man of the section of mathematics and physics. 


THE French association will hold its general meeting at 
Toulouse during the last week in August. The section of 
mathematics and astronomy is under the presidency of Professor 
E. BELor. 


A MEETING of the commissioners of the international commis- 
sion of mathematical instruction will be held at Brussels during 
the week of August 9. While the meeting is of particular in- 
terest to Belgium and adjacent countries, some of the sessions 
will be publicand of general interest. After the routine business, 
the chairman, Professor F. KLEIN, will deliver an address on the 
aims of the commission and give a report of the work already 
accomplished ; Professor BourRLErT will speak on the reciprocal 
relations between pure and applied mathematics in secondary 
instruction. A third report of the German sub-committee is in 
the press, and will be presented at the forthcoming meeting ; it 
is by W. LiETzMANN, on the organization of mathematical in- 
struction in the boys’ high schools of Prussia. Three reports 
from Austria, and one from France are also in the press ; the 
latter is to appear in the next number of the Enseignement 
Mathématique. 
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Ix the press of B. G. Teubner, Leipzig, are the following 
books on mathematics (compare the list on page 94 of the 
present volume of the BuLLetriy): “E. B. Christoffels ge- 
sammelte mathematische Abhandlungen,” by L. Maurer; 
‘“‘Logische Grundlagen der exacten Wissenschaften (Wissen- 
schaft und Hypothese, volume 12),” by P. Natorp; “Schroders 
Abriss der Algebra der Logik, Band 3,” by E. MULuer; 
Determinanten,” by E. Nerro; “Graphische Statik der 
starren Systeme,” by L. NENNEBERG ; “ Enriques Fragen der 
Elementargeometrie, vol. 1,” by H. FLeiscuer and H. 
‘THIEME. 


THE fiest volume of Lectures on elliptic functions, by Har- 
Ris Hancock, has just been published by Wiley and Son, New 
York. The present volume treats of the analysis of the sub- 
ject, a second will consider applications to geometry and to me- 
chanics, while a third will be devoted to higher algebra and the 
theory of numbers. 


THE publishing house of Ginn and Company has in press a 
volume on The Hindu-Arabic Numerals, by D. E. Smirn and 
L. C. KARPINSKI. 


THE following advanced courses in mathematics are an- 
nounced for the year 1910-1911. 


Harvarp University.— By Professor W. E. ByEerty: 
Dynamics of a rigid body, three hours ; trigonometric series, 
three hours, with Professor B. O. PErrce.— By Professor W. 
F. Oscoop : Advanced calculus, three hours ; Infinite series and 
products, three hours, first half year ; Advanced algebra, three 
hours, second half year ; Theory of functions, II, three hours. 
— By Professor M. BOcuer: Linear differential equations, 
three hours.— By Professor J. L. CooLimpGe: Introduction 
to modern geometry and modern analysis, three hours. — 
Projective geometry, three hours, first half year ; Non-euclidean 
geometry, three hours, second half year.— By Professor J. K. 
WuitremoreE: Theory of functions, I, three hours; Calculus 
of variations, three hours, first half year; Equations of me- 
chanics, three hours, second half year ; Introduction to differ- 
ential geometry of curves and surfaces, three hours, first half 
year. Professors Osgood and Whittemore will conduct a fort- 
nightly seminary in the theory of functions. 


1910.] NOTES. 549 


Universiry oF Pennsytvania. — By Professor E. 
CRAWLEY: Modern analvtic geometry, two hours : Theory of 
numbers, three hours. Mathematics of insurance, two hours. 
— By Professor G. E. FisHer: Differential equations, three 
hours; Theory of functions of a complex variable, three 
hours; The calculus of variations, two hours.— By Pro- 
fessor I. J. Scuwatr: Theory of functions of a real variable, 
three hours: Infinite series and products, three hours. — By 
Professor G. H. Hauuerr: Introduction to modern higher 
algebra, first term, three hours; The Galois theory of equa- 
tions, second term, three hours; Theory of groups of a finite 
order, three hours. — By Professor F..H. Sarrorp: Partial 
differential equations, three hours. — By Dr. O. E. GLENN: 
Geometry of contact transformations, first term, three hours : 
Higher algebraical equations, second term, three hours. 


New lectureships in m.thematics have been established at 
the University of Glasgow ; students in engineering wi"' receive 
separate instruction in mathematics and allied subjects. 


Proressor F, Hausporrr, of the University of Leipzig, 
has been appointed associate professor of mathematics at the 
University of Bonn. 


Dr. O. Perron, of Munich, has been appointed associate 
professor of mathematics at the University of Tibingea. 


Dr. G. W. Hixi has been elected foreign member of the 
Brussels academy of sciences. 


At the University of Missouri, Dr. O. D. KELLOGG has been 
promoted to a professorship of mathematics. 


At Purdue University, Professor Erastus Tesr will retire 
at the close of the present academic year. Professor Jacor 
WEsTLUND has been promoted to a full professorship of mathe- 
matics. 


AT the University of Pennsylvania, Dr. G. H. Hatieri 
has been promoted to a full professorship and Drs. M. J. Bane, 
G. G. CHaMBERS, and O. E. GLENN to assistant professor- 
ships of mathematics. 


At the University of Kansas Drs. C. H. Aston and J. N 
VAN DER VRIES have been promoted from assistant profes 
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sorships to associate professorships of mathematics. Dr. U. 
G. MircHe., of Princeton University, and Drs. ARTHUR 
PrircHer and M. B. Wurre, of the University of Chicago, 
have been appointed assistant professors of mathematics. 


At the University of Michigan Dr. W. B. Forp has been 
promoted to a junior professorship, and Dr. L. C. KaARpPINsKI 
to an assistant professorship of mathematics. Professor J. L. 
MarKLEY has been granted leave of absence for the academic 
year 1910-1911. 


Proressor D. N. LEHMER, of the University of California, 
has been promoted to an associate professorship of mathematics. 


Mr. N. C. Grimes has been appointed professor of mathe- 
matics in the University of Arizona. 


Dr. L. I. Hewes has been appointed assistant professor of 
mathematics at Whitman College, Walla Walla, Wash. 


Own the occasion of his retirement from the University of 
Chicago, Professor OskAR Bouza was presented with a loving 
cup and a testimonial volume signed by more than a hundred 
of his former students. 


CATALOGUES of mathematical books: A. Hermann et Fils, 
6 rue de Ja Sorbonne, Paris, catalogue no. 102, 2200 titles.— 
Ottmar Schénhuth Nachf., Schwanthalerstrasse 2, Munich, 
catalogue no. 22, books before 1800, 116 titles in mathematics 
and exact sciences. — Bernard Quaritch, 11 Grafton Street, 
New Bond Street, London, catalogue no. 286, 247 titles in 
mathematics and physics. — Galloway and Porter, Cambridge, 
England, catalogue no. 49, 432 titles. 


NEW PUBLICATIONS. 
I. HIGHER MATHEMATICS. 


Basset (A, B.). A treatise on the geometry of surfaces. London, Bell, 1910. 
8vo. 10s. 6d. 


CapPetui (A.). Istituzioni di analisi algebrica. 4a edizione, ampliata, ad 
uso degli aspiranti alla licenza universitaria in scienze fisiche e matema- 
tiche. Napoli, Pellerano, 1909. 8vo. 28-+ 953 pp. L. 17.00 


DescHamps (J.). Notes de géométrie analytique. Démonstration de quel- 
ques identités fondamentales, et premiéres applications. Paris, 1909. 
8vo. 42 pp. 
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Dzr1oBek (O.). Vorlesungen iiber Differential- und Integralrechnung. Leip- 
zig, Teubner, 1910. 8vo. 10+ 648 pp. Cloth. M. 16.00 


FRANKLAND (W. B.). Theories of parallelism: an historical critique. 
Cambridge, University Press, 1910. 8vo. 88 pp. 3s. 


GAEDECKE (W.). Die inversen Flichen der Mittelpunktsflichen 2ter 
Ordnung. (Diss.) K6nigsberg, 1910. 8vo. 62 pp. 


GERSTENMEIER (C.). Beitrige zur Theorie der linearen Differential- 
gleichungen mit 4 und 5 singuliren Stellen. (Diss.) Erlangen, 1910. 
8vo. 88 pp. 


Hancock (H.). Lectures on the theory of elliptic functions. Volume I. 
Analysis. New York, Wiley, 1910. 8vo. 23+498 pp. Cloth. $5.00 


HARTDEGEN (F.). See UNTERRICHTS-BRIEFE. 


Horn (J.). Einfiihrung in die Theorie der partiellen Differential- 
gleichungen. (Sammlung Schubert, LX.) Leipzig, Géschen, 1910. 
8vo. 7+ 363 pp. Cloth. M. 10.00 


Kaun (G.). Eine allgemeine Methode zur Untersuchung der Gestalten 
algebraischer Kurven. (Diss.) Géttingen, 1909. 8vo. 43 pp. 


LAvuRENT (H.). See Sturm (C.). 


Nossow (A.). Versuch des Beweises des letzten Fermatschen Satzes. Berlin, 
1910. 


RicHert (P.). Die ganze rationale Funktion vierten Grades und ihre 
Kurven. Fortsetzung. (Progr.) Berlin, Weidmann, 1910. 8vo. 19 
pp. M. 1.00 


Sarnt-GERMAIN (A. DE). See Sturm (C.). 


Scuerrers (G.). Anwendung der Differential- und Integralrechnung auf 
Geometrie. Band I: Einfiihrung in die Theorie der Kurven in der 
Ebene und im Raume. 2te verbesserte und vermehrte Auflage. Leip- 
zig, Veit, 1910. 8vo. 104482 pp. Cloth. M. 14.00 


Sturm (C.). Cours d’analyse de 1’ Ecole Polytechnique. Revu et corrigé 
par E. Prouhet, et augmenté de la théorie élémentaire des fonctions 
elliptiques, par H. Laurent. 14me édition, revue et mise au courant du 
nouveau programme de la licence, par A. de Saint-Germain. 2 vols. 
Paris, Gauthier-Villars, 1910. 8vo. 32+564+ 10+ 658 pp. Fr. 15.00 


TeEMPERLI (H.). Ueber eine spezielle Kurve dritten Grades. (Diss. ) 
Ziirich, 1909. 8vo. 47 pp. 


UNTERRICHTS-BRIEFE, mathematische, fiir das Selbststudium Erwachsener. 
Mit besonderer Beriicksichtigung der angewandten Mathematik. (Me- 
thode Burkhardt-Blank.) V. Integral- und Differentialrechnung (sowie 
deren Anwendungen ) bearbeitet von F. Hartdegen. Iter Brief. Kahla, 
Thiiringer Verlagsanstalt, 1910. 8vo. Pp. 1721-1740. M. 0.60 


WERNER (A.). Ueber Systeme von drei Pfaffschen Gleichungen im Raume 
von 5 Dimensionen. (Diss.) Greifswald, 1908. 8vo. 43 pp. 


WIESMANN (C.). Beitriige zur Theorie der Funktionen des elliptischen 
Zylinders. (Diss.) Ziirich, 1909. 8vo. 46 pp. 


Younc (W. H.). The fundamental theorems of the differential calculus. 
Cambridge, University Press, 1910. 8vo. 2s. 6d. 
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Il. ELEMENTARY MATHEMATICS. 


Bounert (F.). Elementare Stereometrie. 2te, durchgesehene Auflage. 
(Sammlung Schubert, [V.) Leipzig, Géschen, 1910. 8vo. 7 + 183 pp. 


Cloth. M. 2.40 
Briccs (W.). First stage mathematics. (With modern geometry.) Lou- 
don, Clive, 1910. 8vo. 312 pp. Cloth. 


CaTant (S.). Problemi di matematica, dati agli esami di licenza d’ istitute 


tecnico, con le loro risoluzioni. 2a edizione, riveduta e aumentata. 
Livorno, Giusti, 1910. 16mo. 148 pp. L. 1.00 


DeEVILLER, SCHWEIKERT und SPAHN. Algebra fiir Mittelschulen und héhere 
Miidchenschulen. Strassburg, Bull, 1910. 8vo. 6+ 110 pp. M. 1.00 


Dure.u (P.). Logarithmic and trigonometric tables. New York, Merrill, 
1910. 8vo. 114 pp. Cloth. $0.75 
—— Planetrigonometry. New York, Merrill, 1910. 8vo. 184 pp. Cloth. 
$1.00 

Bound with tables. $1.25 


ELEMENTARY practical mathematics, for technical and industrial lasses. 
Reissue. London, Oliver, 1910. 8vo. 240 pp. Cloth. Is. 6d. 


Hart (H. S.). A school algebra. Part I. Wi.h or without answers. 
London, Macmillan, 1910. 8vo. 2s. 6d. 


-— and Stevens (F. H.). Key to the exercises and examples in “A 
school geometry,’’ parts 5 and 6. London, Macmillan, 1910. 8vo. 


3s. 6d 
Jackson (L. L.). See Youne (J. W. A.). 
(F.). See Lrerzmann (W.). 
KutNewsky (M.). See MULuer (H.). 
RE (B.). Cours d’algtbre ¢lémentaire, 4 l’usage des cours moyen 
t des classes d’humanités. 3éme édition. Liétge, Dessain, 1999. 60 
pp. Fr. 5.00 


[rerzmMany (W.). Stoff und Methode im mathematischen Unterricht der 
rorddeutschen héheren Schuica auf Grund der vorhandenen Lehrbicher. 
Mit einen Einfiihrungswort von F. Klein. Leipzig, Teubner, 1908. 
Svo. 12+ 102 pp. M. 
annicn (M.). Lehr- und Uebungsbuch der Mathem: ix. Fiir hdhere 


Madehenschulen bearbeitet. Teil. Leh.stoff Ge: vierten und 
lritten Klasse. Leipzig, Freytag, 1910. M. 2.00 


(A.). See MULLER (H.). 


Meuter (F. G.). Hauptsiitze der Elementar-Mathematik zum Gebrauche 
an hdheren Lehranstalten. Bearbeitet von A. Schulte-Tigges. Avs- 
gabe B. Unterstufe. Planimetrie und Arithmetik nebst den Anfangs- 
griinden der Trigonometrie und Stereometrie und 3 Anhiingen. 2te 
unveriinderte Auflage. Serlin, Reimer, 1910. 8vo. 9+ 204 pp. 
Cloth. 2.00 


(H.) und Kutyewsky (M.). Sammlung von Anufgaben aus der 
Arithmetik, Trigonometrie und Stereometrie. 2ter Teil. Ausgabe B, 
fiir reale Anstalten und Reformschulen. 3te Aufiage. Leipzig, Teubner, 
1910. 8vo. 114312 pp. Cloth. M. 3.00 
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(H.) und Manuert (A.). Mathematisches Lehr- und Uebungs- 
fiir hénere Miadchenschulen. 2ter Teil: Planimetrie und 
3te Auflage. Leipzig, Teubner, 1910. S8vo. 
7+ 122 pp. Cloth. M. 1.80 


—. Ergebnisse zu den Aufgaben in dem mathematischen Lehr- und 
Uebungsbuche fiir Lyzeen. Leipzig, Teubner, 1910. 8vo. 38 pp- 

1.50 

-—. Mathematisches Lehr- und Uebungsbuch fiir das Lyzeum. Fort- 

setzung des mathematischen Lehr- und Uebungsbuches fiir héhere 

Midchenschulen. Teil I[1: Methodik des Unterrichts. Analytische 

Geometrie der Ebene. Unter Mitwirkung von J. Plath. Leipzig, 

Teubner, 1910. 8vo. 6+ 100 pp. Cloth. M. 1.80 


Narpi(P.). Geometria pratica, ad uso degli alunni delle scuole tecniche 
e professionali. Parte I: planimetria. 2a edizione, corretta. Livorno, 
Giusti, 1910. 16mo. 76 pp. L. 0.70 


Puatu (J.). See (H.). 


Scuusert (H.). Elementare Arithmetik und Algebra. 2te Auflage. 
(Sammlung-Schubert, I.) Leipzig, Géschen, 1910. 8vo. 6+ 230 pp. 
Cloth. M. 2.80 


Scuvutte-Ticces (A.). See MEHLER (F. G.). 

ScHWEIKERT. See DEVILLER. 

SpaHn. See DEVILLER. 

Stevens (F. H.). See Haru (H. S.). 

Wuippte (F. J. W.). The public school geometry. London, Dent, 1910 


8vo. 162 pp. Cloth. 2s, 
Wik (E.) Geometrie fiir héhere Midchenschulen. Iter Teil (fiir Klasse 
IV und Ili). Dresden, Bleyl, 1910. 8vo. 63 pp. M. 1.10 


Youne (J. W. A.) and Jackson (L. L.). A first course in elementary 
algebra. New York, Appleton, 1910. 12mo. 8+ 294 pp. Cloth. 
$0.95 


——. A second course in elementary algebra. New York, Appleton, 1910. 
12mo. 215 pp. Cloth. $0.70 


Ill. APPLIED MATHEMATICS. 


BovassE (H.). Cours de mécanique rationnelle et expérimentale spéciale- 
ment écrit pour les physiciens et les ingénieurs. Paris, Delagrave, 
1910. 8vo. 696 pp. Fr. 20.00 


Cuworson (O. D.). Traité de physique. Ouvrage traduit sur les éditions 
russe et allemande par E. Davaux. Edition revue et considérablement 
augmentée par l’auteur, suivie de notes sur la physique théorique, par 
E. Cosserat et F. Cosserat. Vol. 4. ler _fascicule : Champ électrique 
constant. Paris, Hermann, 1910. 8vo. 7-+ 430 pp. Fr. 12.00 


CossERAT (E. et F.) See Cuwotson (0. D.). 
Davavx (E.). See Cuworxson (0. D.). 


Dunem (P.). Thermodynamique et chimie. Legons élémentaires. 2e 
édition, entigrement refondue et considérablement augmentée. Paris, 
Hermann, 1910. 8vo. 12-+-580 pp. Fr. 16.00 
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ENZYKLOPADIE der mathematischen Wissenschaften. Vol. V: Physik. 
Redigiert von A. Sommerfeld. 2ter Teil. 3tes Heft. Leipzig, Teubner, 
1910. 8vo. Pp. 395-538. M. 4.60 

Groser (M.). Untersuchungen iiber Resonanzkurven. (Diss.) Halle, 
1910. 8vo. 33 pp. 

Loney (S. L.). A treatise on elementary dynamics. 7th edition. Cam- 
bridge, University Press, 1910. 8vo. 12-+ 348 pp. $1.90 

——. The elements of staticsand dynamics. Part II: Dynamics. 1£th 
edition. Cambridge, University Press, 1910. 8vo. 8 + 254 pp. $1.00 


Nimrt'ur (R.). Die Luftschiffahrt. Ihre wissenschaftlichen Grundlagen 
und technische Entwicklung. 2te, verbesserte, und vermehrte Auflage. 
Leipzig, 1910. M. 12.50 


SOMMERFELD (A.). See ENZYKLOPADIE. 


Sutitvan (J. G.). Spiral tables. Prepared for the Canadian Pacific rail- 
road. Reprinted from the Engineering Record. New York, McGraw, 
1910. 12mo. 47 pp. $1.50 
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READ BEFORE TEE AMERICAN MATHEMATICAL SOCIETY AND 
SUBSEQUENTLY PUBLISHED, INCLUDING REFERENCES 
TO THE PLACES OF THEIR PUBLICATION. 


ALLaARDICcE, R. E. On the Locus of the Foci of a System of Similar Conics 
through Three Points. Read (San Francisco) Dec. 19, 1903. Proceed- 
ings of the Edinburgh Mathematical Society, vol. 27, pp. 37-50 ; Sept., 1909. 


Ames, L. D. On Some Theorems in the Lie Theory. Read (Southwestern 
Section) Nov. 27, 1909. Bulletin of the American Mathematical Society, vol. 
16, No. 7, pp. 360-363 ; April, 1910. 


Asuton, C. H. A New Elliptic Function. Read (Chicago) Dec. 31, 1909. 
Included in the author’s Dissertation: Die Heine’schen O-Funktionen 
und ihre Anwendungen auf die elliptischen Funktionen, Munich, 1909. 


Birxnorr, G. D. Singular Points of Ordinary Linear Differential Equa- 
tions. Read (Chicago) April 18, 1908. Transactions of the American 
Mathematical Society, vol. 10, No. 4, pp. 436-470; Oct., 1909. 


—— A Simplified Treatment of the Regular Singular Point. Read Feb. 26, 
1910. Transactions of the American Mathematical Society, vol. 11, No. 2, 
pp. 199-202; April, 1910. 


BuicHFreLpt, H. F. Theorems on Simple Groups. Read (San Francisco) 
Sept. 29, 1906, and Sept. 26, 1908. Transactions of the American Mathe- 
matical Society, vol. 11, No. 1, pp. 1-14; Jan., 1910. 


Bouza, O. An Application of the Notions of General Analysis to a Problem 
of the Calculus of Variations. Read (Chicago) April 8, 1910. Bulletin 
of the American Mathematical Society, vol. 16, No. 8, pp. 402-407 ; May, 
1910. 


Bussrty, W. H. On the Tactical Problem of Steiner. Read Feb. 24, 1906. 
Bulletin of the American Mathematical Society, vol. 16, No. 1, pp. 19-22; 
Oct., 1909. 


—— Tables of Galois Fields of Order Less than 1,000. Read Sept., 13, 1909. 
Bulletin of the American Mathematical Society, vol. 16, No. 4, pp. 188-206 ; 
Jan., 1910. 


Casori, F. A Note on the History of the Slide Rule. Read Oct. 30, 1909. 
Bibliotheca Mathematica, ser. 3, vol. 10, No. 2, pp. 161-163 ; May, 1910. 


CARMICHAEL, R. D. On the Numerical Factors of Certain Arithmetic Forms. 
Read Feb. 29, 1908. Ameruwan Mathematical Monthly, vol. 16, No. 10, 
pp- 153-159 ; Oct., 1909. 


— On r-fold Symmetry of Plane Algebraic Curves. Read Dec. 30, 1908. 
American Mathematical Monthly, vol. 17, No. 3, pp. 56-64; March, 1910. 


—— Note on Some Polynomials Related to Legendre’s Coefficients. Read 
April 24, 1909. American Mathematical Monthly, vol. 16, Nos. 6-7, pp. 
114-117 ; June-July, 1909. 


— On Certain Functional Equations. Read Apr. 24,1909. American 
Mathematical Monthly, vol. 16, No. 11, pp. 180-183 ; Nov., 1909. 
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—— Note on a New Number Theory Function. Read Sept. 13, 1909. 
Bulletin of the American Mathematical Society, vol. 16, No. 5, pp. 232-238 ; 
Feb., 1910. 


Cuessin, A.S. On the So-Called Gyrostatic Effect. Read Apr. 24, 1909. 
Bulletin of the American Mathematical Society, vol. 16, No. 1, pp. 22-24 ; 
Oct., 1909. 


Coste, A. B. Symmetric Binary Forms and Involutions. Read Dec. 31, 
1908. American Journal of Mathematics, vol. 31, Nos. 2 and 4, pp. 183- 
212 and 355-364; Apr. and Oct., 1909. 


Conner, J. R. See Mortey, F. 


Craic, C. F. Ona Class of Hyperfuchsian Functions. Read Dec. 31, 1908. 
Transactions of the American Mathematical Society, vol. 11, No. 1, pp. 37- 
54; Jan., 1910. 


Deperick, L. 8. The Solution of the Equation in Two Real Variables at a 
Point Where Both the Partial Derivatives Vanish. Read Sept. 14, 1909. 
Bulletin of the American Mathematical Society, vol. 16, No. 4, pp. 174-187 ; 
Jan., 1910. 


Denton, W. W. On the Osculating Quartic of a Plane Curve. Read 
(Chicago) Jan. 2, 1909. Transactions of the American Mathematical 
Society, vol. 10, No. 3, pp. 297-308 ; July, 1909. 


Dickson, L. E. Equivalence of Pairs of Bilinear or Quadratic Forms under 
Rational Transformation. Read (Chicago) April 9, 1909. Transac- 
tions of the American Mathematical Society, vol. 10, No. 3, pp. 347-360 ; 
July, 1909. 


— Combinants. Read (Chicago) Apr. 9, 1909. Quarterly Journal of Pure 
and Applied Mathematics, vol. 40, No. 4, pp. 349-366 ; July, 1909. 


— A Theory of Invariants. Read (Chicago) Apr. 9, 1909. American 
Journal of Mathematics, vol. 31, No. 4, pp. 337-354; Oct., 1909. 


EIsENHART, L. P. The Twelve Surfaces of Darboux and the Transformation 
of Moutard. Read Apr. 24, 1909. American Journal of Mathematics, vol. 
32, No. 1, pp. 17-36; Jan., 1910. 

Escotr, E. B. Logarithmic Series. Read (Chicago) Apr. 2, 1904, and 
Dec. 31, 1909. Quarterly Journal of Pure and Applied Mathematies, vol. 
41, No. 2, pp. 141-156; Jan., 1910. 


—— The Calculation of Logarithms. Read (Chicago) Dec. 31, 1909. 
Quarterly Journal of Pure and Applied Mathematics, vol. 41, No. 2, pp. 
157-167; Jan., 1910. 


Evans, G. C. The Integral Equation of the Second Kind, of Volterra, with 
Singular Kernel. Read Sept. 13, 1909. Bulletin of the American Mathe- 
matical Society, vol. 16, No. 3, pp. 130-136 ; Dec., 1909. 


Fite, W.B. Groups of Order 3” in Which Every Two Conjugate Operations 
are Permutable. Read Sept. 11, 1908. Mathematische Annalen, vol. 67, 
No. 4, pp. 498-510; Oct., 1909. 


—— Irreducible Homogeneous Linear Groups in an Arbitrary Domain. 
Read Dec. 31, 1908. Transactions of the American Mathematical Society, 
vol. 10, No. 3, pp. 315-318 ; July, 1909. 


Forp, W. B. On the Integration of the Homogeneous Linear Difference 
Equation of Second Order. Read (Chicago) Apr. 17, 1908. Trans- 
actions of the American Mathematical Society, vol. 10, No. 3, pp. 319-336 ; 
July, 1909. 
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— On the Determination of the Asymptotic Developments of a Given 
Function. Read (Chicago) April 9, 1909. Annals of Mathematics, ser. 
2, vol. 11, No. 3, pp. 115-127; Apr., 1910. 


GLENN, O. E. The Theory of Degenerate Algebraical Curves and Surfaces. 
Read Apr. 25, and Sept. 10, 1908. American Journal of Mathematics, 
vol. 32, No. 1, pp. 75-100; Jan., 1910. 


Haskins, C. N. Numerical Computation of Reaction Velocity Constants. 
Read Dec. 31, 1908. Bulletin of the University of Illinois Engineering Ex- 
periment Station, No. 30, pp. 37-46 ; 1909. 


Hawkes, H. E. The Reduction of Families of Bilinear Forms. Read 
Dec. 29, 1906, and Dec. 28, 1907. American Journal of Mathematies, vol. 
32, No. 2, pp. 101-114; Apr., 1910. 


HawkeEswortH, A.S. A New Theorem in the Geometry of Conics. Read 
Sept. 13, 1909. American Mathematical Monthly, vol. 17, No. 4, pp. 82- 
89; April, 1910. 


Hewes, L. I. Necessary and Sufficient Conditions that an Ordinary Dif- 
ferential Equation Shall Admit a Conformal Group. Read Dec. 27, 
1907, and Sept. 11, 1908. Annals of Mathematics, ser. 2, vol. 11, No. 
2, pp. 49-59 ; Jan., 1910. 


Hoskrixs, L. M. The Strain of a Gravitating, Compressible Elastic Sphere. 
Read (San Francisco) Sept. 25, 1909. Transactions of the American 
Mathematical Society, vol. 11, No. 2, pp. 203-248; Apr., 1910. 


Hurwitz, W. A. See Ricnarpson, R. G. D. 


Hurcuinson, J- I. On Linear Transformations Which Leavean Hermitian 
Form Invariant. Read Dec. 30,1908. American Journal of Mathematics, 
vol. 32, No. 2, pp. 195-206; Apr., 1910. 


Jackson, D. Resolution into Involutory Substitutions of the Transforma- 
tions of a Non-Singular Bilinear Form into Itself. Read Sept. 13, 1909. 
Transactions of the American Mathematical Society, vol. 10, No. 4, pp. 
479-484; Oct., 1909. 


Jackson, W. H. The Integral Roots of Certain Inequalities. Read Apr. 
24, 1909. Annals of Mathematics, ser. 2, vol. 11, No. 3, pp. 128-140 ; 
Apr., 1910. 


—— The Solution of an Integral Equation Occurring in the Theory of Radi- 
ation. Read Dec. 30, 1909. Bulletin of the American Mathematical 
Society, vol. 16, No. 9, pp. 473-475; June, 1910. 


Karprnski, L.C. Jordanus Nemorarius and John of Halifax. Read Dec. 
29, 1909. American Mathematical Monthly, vol. 17, No. 5, pp. 108-113; 
May, 1910. 


Kasner, E. The Infinitesimal Contact Transformations of Mechanics. 
Read Feb. 29, 1908. Bulletin of the American Mathematical Society, vol. 
16, No. 8. pp. 408-412; May, 1910. 


—— The Theorem of Thomson and Tait and Natural Families of Trajectories. 
Read Sept. 13 and Dec. 29, 1909. Transactions of the American Mathe- 
matical Society, vol. 11, No. 2, pp. 121-140; Apr., 1910. 


LeuMeEr, D. N. Preliminary Report on a Table of Smallest Divisors. Read 
(San Francisco) Apr. 25, 1903. Author's Factor Table for the First 
Ten Millions, Washington, 1909. 


Les, D. D. Ona Complete System of Invariants of Two Triangles. Read 
Dec. 31, 1908. Transactions of the American Mathematical Society, vol. 
10, No. 3, pp. 361-390; July, 1909. 
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Lunn, A.C. The Fundamental Theorems on Ordinary Differential Equa- 
tions in Real Variables. Read (Chicago) Apr. 2, 1904. Included in 
the author’s Dissertation: The Differential Equations of Dynamics, 
Chicago, 1909. 


—— A Continuous Group Related to Von Seidel’s Optical Theory. Read 
(Chicago) Apr. 17, 1908. Bulletin of the American Mathematical Society, 
vol. 16, No. 1, pp. 25-30; Oct., 1909. 


—— The Apparent Size of a Closed Curve. Read (Chicago) Jan. 2, 1909. 
American Journal of Mathematics, vol. 32, No. 2, pp. 186-194 ; Apr., 1910. 


Lyt Lez, E. B. Proper Multiple Integrals over Iterable Fields. Read Apr. 
25, 1908. Transactions of the American Mathematical Society, vol. 11, 
No. 1, pp. 25-36 ; Jan., 1910. 


MacLaGAN-WEDDERBURN, J. H. On the Direct Product in the Theory of 
Finite Groups. Read Sept. 11, 1908. Annals of Mathematics, ser. 2, 
vol. 10, No. 4, pp. 173-176 ; July, 1909. 


MacMiitan, W. D. Periodic Crbits about an Oblate Spheroid. Read 
(Chicago) Apr. 18, 1908, and Apr. 10,1909. Transactions of the American 
Mathematical Society, vol. 11, No. 1, pp. 55-120 ; Jan., 1910. 


Mitzer, G. A. Groups in Which the Subgroup which Involves all the Sub- 
stitutions Omitting a Given Letter is Regular. Read (San Francisco) 
Sept. 28, 1907. Prace Matematyczno-Fizyczne, vol. 19, pp. 17-19 ; 1908. 


—— Groups Formed by Prime Residues with Respect to Modular Systems. 
Read Sept. 11, 1908. Archiv der Mathematik und Physik, ser. 3, vol. 15, 
No. 2, pp. 115-121 ; 1909. 


—— Automorphisms of Order Two. Read (Chicago) Apr. 9, 1909. Trans- 
actions of the American Mathematical Society, vol. 10, No. 4, pp. 471-478 ; 
Oct., 1909. 


—— The Groups Which May be Generated by Two Operators, s,, s, Satisfy- 
ing the Equation (s,s,)¢ = (s,8,)f, a and 8 Being Relatively Prime. 
Read Sept. 13, 1909. Bulletin of the American Mathematical Society, vol. 
16, No. 2, pp. 67-69 ; Nov., 1909. 


—— Note on the Groups Generated by Two Operators Whose Squares are 
Invariant. Read Oct. 30,1909. Bulletin of the American Mathematical 
Society, vol. 16, No. 4, pp. 173-174 ; Jan., 1910. 


Groups Generated by Two Operators Each of which is Transformed 
into a Power of Itself by the Square of the Other. Read (Chicago) 
Jan. 1,1910. Bulletin of the American Mathematical Society, vol. 16, No. 
9, pp. 466-473 ; June, 1910. 


—— Extensions of Two Theorems Due to Cauchy. Read (Chicago) Apr. 
9, 1910. Bulletin of the American Mathematical Society, vol. 16, No. 10, 
pp. 510-513 ; July, 1910. 


Moore, C. N. The Summability of the Developments in Bessel Functions, 
with Applications. Read Sept. 11, 1908. Transactions of the American 
Mathematical Society, vol. 10, No. 4, pp. 391-435 ; Oct., 1909. 


Moore, E. H. Five papers on Functional Operations, Integral Equations, 
and General Analysis. Read (Chicago) Dec. 29, 1905, Sept. 5-8, 1906, 
(Southwestern Section) Dec. 1, 1906, (Chicago) Jan. 1, 1908, and Jan. 
2, 1909. Included in the New Haven Mathematical Colloquium, New 
Haven, 1910. 
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MoreweEap, J. C., and Western, A. E. Note on Fermat’s Numbers. 
Read (Chicago) Apr. 9, 1909. Bulletin of the American Mathematical 
Society, vol. 16, No. 1, pp. 1-6; Oct., 1909. 


Mortey, F., and Conner, J. R. Plane Sections of a Weddle Surface. Read 
Dec. 30, 1908. American Journal of Mathematics, vol. 31, No. 3, pp. 
263-270 ; July, 1909. 


Nosie, C. A. Necessary Conditions that Three or More Partial Differential 
Equations of the Second Order shall have Common Solutions. Read 
(San Francisco) Sept. 26, 1908. Bulletin of the American Mathematical 
Society, vol. 16, No. 1, pp. 10-14 ; Oct., 1909. 


Oscoop, W. F. On Cantor’s Theorem Concerning the Coefficients of a Con- 
vergent Trigonometric Series, with Generalizations. Read Apr. 24, 1909. 
Transactions of the American Mathematical Society, vol. 10, No. 3, pp. 337— 
346 ; July, 1909. 


Owens, F. W. The Introduction of Ideal Elements and a New Definition of 
Projective n-Space. Read (Chicago) Apr. 22, 1905. Transactions of the 
American Mathematical Society, vol. 11, No. 2, pp. 141-171 ; Apr., 1910. 


Pett, A. J. Onan Integral Equation with an Adjoined Condition. Read 
(Chicago) Dec. 31, 1909. Bulletin of the American Mathematical Society. 
vol. 16, No. 8, pp. 412-415; May, 1910. 


Ranum, A. The Group of Classes of Congruent Quadratic Integers with 
Respect to a Composite Ideal Modulus. Read (Chicago) Apr. 9, 1909. 
Transactions of the American Mathematical Society, vol. 11, No. 2, pp. 172- 
198 ; Apr., 1910. 


REED, F. W. On Singular Points in the Approximate Development of the Per- 
turbative Function. Read Sept. 13, 1909. Transactions of the American 
Mathematical Society, vol. 10, No. 4, pp. 435-509 ; Oct., 1909. 


RicHarpson, R.G. D. Das Jacobische Kriterium der Variationsrechnung 
und die Oscillationseigenschaften linearer Differentialgleichungen 2. Ord- 
nung. Read Sept. 14,1909. Mathematische Annalen, vol. 68, No. 2, pp. 
279-304 ; Jan., 1910. 


Ricuarpson, R. G. D., and Hurwitz, W. A. Note on Determinants Whose 
Terms are Certain Integrals. Read Sept 14,1909. Bulletin of the Ameri- 
can Mathematical Society, vol. 16, No. 1, pp. 14-19; Oct., 1909. 


Rog, E. D., Jr. On the Extension of the Exponential Theorem. Read 
Apr. 24, 1909. . American Mathematical Monthly, vol. 16, Nos. 6-7 and 
10, pp. 101-106 and 159; June-July and Oct., 1909. 


Scuweitzer, A. R. Note on a System of Axioms for Geometry. Read 
(Chicago) Apr. 14, 1906. Transactions of the American Mathematical Society, 
vol. 10, No. 3, pp. 309-314; July, 1909. 


—— A Theory of Geometrical Relations. Read Sept. 6, 1907 and (Chicago) 
Apr. 18, 1908. American Journal of Mathematics, vol. 31, No. 4, pp. 
365-410 ; Oct., 1909. 


SHARPE, F. R. The General Circulation of the Atmosphere. Read Sept. 
8, and Dec. 29, 1906. American Journal of Mathematics, vol. 32, No. 1, 
pp. 52-64; Jan., 1910. 


—— The Identical Relations of the Strain and Stress Components of an 
Elastic Solid. Read Sept. 10,1908. Included in Review of Love’s Theory 
of Elasticity, Bulletin of the American Mathematical Society, vol. 16, No. 
2, pp. 90-92; Nov., 1909. 
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—— The Topography of Certain Curves Defined by a Differential Equation. 
Read Dec. 30, 1908. Annals of Mathematics, ser. 2, vol. 11, No. 3, pp. 
97-102; Apr., 1910. 

Sisam,C. H. On Some Loci Associated with Plane Curves. Read (Chicago) 
Dec. 28, 1906, and Mar. 30 and Dec. 30, 1907. American Journal of 
Mathematics, vol. 31, No. 3, pp. 253-262; July, 1910. 


Siocum, 8. E. The Collapse of Tubes under External Pressure. Read Apr. 
25, 1908. Engineering (London), Jan. 8, 1909. 


Snyper, V. Infinite Discontinuous Groups of Birational Transformations 
Which Leave Certain Surfaces Invariant. Read Feb. 27,1909. Transac- 
tions of the American Mathematical Society, vol. 11, No. 1, pp. 15-24; 
Jan., 1910. 


—— Surfaces Invariant under Infinite Discontinuous Birational Groups 
Defined by Line Congruences. Read Sept. 13, 1909. American Journal 
of Mathematics, vol. 32, No. 2, pp. 177-185; Apr., 1910. 

Van Benscuoten, A. L. The Birational Transformations of Algebraic 
Curves of Genus Four. Read Sept. 6, 1907. American Journal of Mathe- 
matics, vol. 31, No. 3, pp. 213-252; July, 1909. 


Western, A. E. See Moreneap, J. C. 


Witczynsk1, E. J. Projective Differential Geometry of Curved Surfaces 
(Fifth Memoir). Read Sept. 10, 1908, and (Chicago) Jan. 1, 1909. 
Transactions of the American Mathematical Society, vol. 10, No. 3, pp. 279- 
296 ; July, 1909. 

Wricnut, J. E. The Differential Equations Satisfied by Abelian Theta 
Functions of Genus Three. Read Apr. 24, 1909. American Journal of 
Mathematics, vol. 31, No. 3, pp. 271-298 ; July, 1909. 


Younc, A. E. On the Problem of the Spherical Representation and the 
Characteristic Equations of Certain Classes of Surfaces. Read (Chicago) 
Apr. 18, 1908. American Journal of Mathematics, vol. 32, No. 1, pp. 37- 
51; Jan., 1910. 


Younc, J. W. The Geometry of Chains on a Complex Line. Read Feb. 
29,1908. Annals of Mathematics, ser. 2, vol. 11, No. 1, pp. 33-48; Oct., 
1909. 

—— On the Discontinuous ¢-Groups Defined by Rational Normal Curves in 
a Space of n Dimensions. Read (Chicago) Jan. 1, 1910. Bulletin of the 
American Mathematical Society, vol. 16, No. 7, pp. 363-368 ; Apr., 1910. 


| 
| 


1910.] INDEX. 561 


INDEX. 


AmeEs, L. D. On Some Theorems in the Lie Theory, 360. 


ARCHIBALD, R. C. Notes on the Institut de France and the Annual Meet- 
ing of the Académie des Sciences, 328. 


Brix, E. G. See Reviews, under Wieleitner. 


Buss, G. A. A New Proof of Weierstrass’s Theorem Concerning the Factor- 
ization of a Power Series, 356. 


—— See REviEws, under Béocher. 

Bocuer, M. See Reviews, under D’ Adhémar, Runge. 

Boiza, O. An Application of the Notions of General Analysis to a Problem 
of the Calculus of Variations, 402. 

Brown, E. W. Simon Newcomb, 341. 

See Reviews, under Annuaire, Darwin. 

Bussey, W. H. On the Tactical Problem of Steiner, 19. 

—- Tables of Galois Fields of Urder Less than 1,000, 188. 


Casori, F. See Reviews, under Borel, Clark. 

CARMICHAEL, R. D. Note on a New Number Theory Function, 232. 

Cnesstn, A. S. On the So-Called Gyrostatic Effect, 22. 

CoLr, F. N. Reports of Meetings of the American Mathematical Society ; 
Sixteenth Summer Meeting, 53; October Meeting, 169; Sixteenth Ann- 
val Meeting, 281; February Meeting, 395; April Meeting, 451. 

Cow Ey, E. B. See Reviews, under Fine. 

CRATHORNE, A. R. See Reviews, under Schafheitlin, Serret. 


Davis, E. W. A Note on Imaginary Intersections, 69. 

Deperick, L. 8S. The Solution of the Equation in Two Real Variables at a 
Point Where Both the Partial Derivatives Vanish, 174. 

Dixtzt, E. The Salzburg Meeting of the Deutsche Mathematiker-Verein- 
igung, 114, 386. 

L. W. See Reviews, under Burkhardt, Grassmann, Heger. 


Evans, G. C. The Integral Equation of the Second Kind, of Volterra, with 
Singular Kernel, 130. 


Fietps, J. C. The Winnipig Meeting of the British Association, 110. 
Firr, W. B. See Reviews, under Netto. 
Forp, W. B. A Theorem on the Analytic Extension of Power Series, 507. 


GriFFIN, F. L. See Reviews, under Jackson, Martin. 


Heprick, E. R. See Reviews, under Baire. 
Hurwitz, W. A. See Ricnarpson, R. G. D. 
Hurcuinson, J. I. See Reviews, under Baker. 


Jackson, L. L. See Reviews, under Smith. 
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Jackson, W. H. The Solution of an Integral Equation Occurring in the 
Theory of Radiation, 473. 
-—— See Reviews, under Cox. 


Kasner, E_ The Infinitesimal Contact Transformations of Mechanics, 408. 
KetiocG, O. D. The Third Regular Meeting of the Southwestern Section, 


225. 


Leis, D. D. See REviEws, under Richter. 
Lipke, J. See Reviews, under Coolidge. 
Lonciey, W. R. See Reviews, under Timerding. 


Luys, A. C. A Continuous Group Related to Von Seidel’s Optical Theory, 
25. 


Lytie, E. B. See Reviews, under Young. 


Mitter, G. A. The Groups Which may be Generated by Two Operators s,, 
s, Satisfying the Equation (s,s,)¢ = (s,s,)6, a and Being Relatively 
Prime, 67. 

—— Note on the Groups Generated by Two Operators Whose Squares are In- 
variant, 173. 

—— The Sixty-First Meeting of the American Association for the Advance- 

ment of Science, 306. 

Groups Generated by Two Operators Each of Which is Transformed into 

a Power of Itself by the Square of the Other, 466. 

—— Extensions of Two Theorems Due to Cauchy, 510. 

—— See Reviews, under Andrews, Dantscher. 

Moore, ©. L. E. See Reviews, under Boutroux, Czuber. 

MorenueEaD, J. C., and WesTERN, A. E. Note on Fermat’s Numbers, 1. 


Nosie, C. A. Necessary Conditions that Three or More Partial Differential 

Equations of the Second Order Shall have Common Solutions, 10. 
Reports of Meetings of the San Francisco Section of the American 

Mathematical Society : September Meeting, 107 ; February Meeting, 400. 


OnneEN, H., Sr. Gergonne’s Pile Problem, 121, 265. 
Owens, F. W. See Reviews, under Carus, Pasch. 
Pett, A. J. Onan Integral Equation with an Adjoined Condition, 412. 


Existence Theorems for Certain Unsymmetric Kernels, 513. 
Prerpont, J. See Revirws, under Hermite. 


Ranum, A. See Reviews, under Bécher, Bonola. 

RicHarvson, R. G. D., and Hurwitz, W. A. Noteon Determinants Whose 
Terms are Certain Integrals, 14. 

Rietz, H. L. See Reviews, under Laurent. 


Scott, G. II. See Reviews, under Nichols, Wentworth. 

Saarpe, F.R. See Reviews, under Love. 

Saw, J. B. See Reviews, under Auerbach, Boulanger, Laplanche, 
Lecornu, Nielsen, Romilly, Thomae, Wangerin. 

Sisam, C H. See Reviews, under Borel. 

Staueut, H. E. Reports of Meetings of the Chicago Section of the Ameri- 

can Mathematical Society: Winter Meeting, 292; April Meeting, 457. 
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SmituH, D. E. See Reviews, under Ball. 

Snyper, V. The Princeton Colloquium, 105. 

—— See Reviews, under Loria, Meyer, Miller, Sturm, Wilson. 
Stupy, E. See Reviews, under Beltrami. 


TowNsEND, E. J. See Reviews, under Bennecke. 


Vacca, G. Maurolycus, the First Discoverer of the Principle of Mathe- 
matical Induction, 70. 


—— A New Analytical Expression for the Number 7, and Some Historical 
Considerations, 368. 


Western, A. E. See Morenweap, J.C. 
Westiunp, J. See Reviews, under Granville. 
WiczynskI, E. J. See Reviews, under Schlesinger. 


Witson, E. B. See Reviews, under Abraham, Burali-Forti, Duhem, 
Manville, Pockels. 


Wricut, J. E. An Extension of Certain Integrability Conditions, 6. 


Youne, J. W. On the Discontinuous [-Groups Defined by Rational Normal 
Curves in a Space of n Dimensions, 363. 


—— See REvIEws, under Klein. 


REVIEWS. 


Abraham, M. Theorie der Elektrizitit, Band II: Elektromagnetische 
Theorie der Strahlung (zweite Auflage), E. B. Wriison, 545. 

Andrews,W. 8S. Magic Squares and Cubes, G. A. MILLER, 85. 

Annuaire du Bureau des Longitudes pour l’ An 1910, E. W. Brown, 328. 


Auerbach, F. Taschenbuch fiir Mathematiker und Physiker, 1909, J. B. 
SHaw, 321, 


Baire, R. Lecons sur les Théories générales de l’ Analyse, E. R. HEpRicK, 
239, 


Baker, H. F. An Introduction to the Theory of Multiply Periodic Func- 
tions, J. I. Hutrcuinson, 516. 

Ball, W. W. R. Récréations mathématiques et Problémes des Temps 
anciens et modernes (2eme édition frangaise, traduite par J. Fitz- 
Patrick), D. E. Smiru, 36. 

Beltrami, E. Opere matematiche, Tome I-II, E. Stupy, 147. 

Bennecke, F. Eine konforme Abbildung als zweidimensionale Logarithmen- 
tafel zur Rechnung mit komplexen Zahlen, E. J. Townsenp, 214. 

Boécher, M. An Introduction to the Study of Integral Equations, G. A. 
Buss, 207. 

—— Introduction to Higher Algebra. Einfiihrung in die héhere Algebra, 
A. 521. 

Bonola, R. La Geometria Non-Euclidea, Espositione storico-critica del suo 
Sviluppo. Die Nichteuklidische Geometrie, historischkritische a 
lung ihrer Entwicklung (deutsche Ausgabe von H. Liebmann), A 
RanvumM, 490. 

Borel, E. Die Elemente der Mathematik (deutsche Ausgabe von P. Stickel), 
Band I: Arithmetik and Algebra, F. Cason1, 89 ; Band I1 ; Geometrie,. 
C. H. Sisam, 540. 

Boulanger, A. Hydraulique générale, J. B. SHaw, 382. 
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tielles du premier Ordre, C. L. E. Moore, 318. 

Burali-Forti, C., e Marcolongo, R. Elementi di Calcolo vettoriale con 
numerose Applicazioni. Omografie vettoriale con Applicazione, E. 
Witson, 415. 

Burkhardt, H. Vorlesungen iiber die Elemente der Differential- und Inte- 
gralrechnungen und ihre Anwendungen zur Beschreibung von Naturer- 
scheinungen, L. W. Dow L1G, 79. 

Carus, P. The Foundation of Mathematics, F. W. Owens, 541. 

Clark, J.J. The Slide Rule, F. Casort, 327. 

Cox, J. Mechanics, W. H. Jackson, 542. 

Coolidge, J. L. The Elements of Non-Euclidean Geometry, J. LipKeE, 524. 

Czuber, E. Einfiihrung in die héhere Mathematik, C. L. E. Moore, 35. 


D’ Adhémar, R. Exercices et Lecons d’ Analyse, M. BOcHER, 87. 

Dantscher, V. von. Vorlesungen iiber die Weierstrass’sche Theorie der irra- 
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svanville, W. A. Plane and Spherical Trigonometry and Four-Place Tables 
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Romilly, P. W. de. Sur les premiers /rincipes des Sciences mathématiques, 
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WILczynskI, 483. 

Schiitte, F. See Loria, G. 


Serret, J. A. Lehrbuch der Differential- und Integralrechnung (bearbeitet 
von G. Scheffers), 3te Auflage, Band III, A. R. CRatHoRNE, 377. 
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215. 
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Notes, 40, 94, 153, 217, 265, 333, 386, 439, 495, 547. 
Papers read before the Society and Subsequently Published, Nineteenth 
Annual List of, 555. 


Notes AND OTHER ITEMs. 


Academies, Associations, Congresses, and Societies : 

American Mathematical Society: Annual Meeting, 94, 153 ; Annua 
Register, 153; Chicago Section, 153, 386 ; Chicago Meeting, 452 ; Elec- 
tion of Officers, 282; New Haven Colloquium Lectures, 386, 452; New 
members Admitted, 53, 169, 282, 395, 451 ; Princeton Colloquium Lec- 
tures, 395, 452; San Francisco Section, 153; Summer Meeting, 495; Trans- 
actions, 40, 94, 265, 439, 451. 

Associations for the Advancement of Science : American, 266 ; British, 
41, 387, 547 ; French, 97, 99, 547 ; Italian, 98. 

Associations of Teachers of Mathematics: American Federation, 217, 
334; British Public School Science Teachers, 333; Central, 156, 497 ; 
International Commission, 217, 267, 334, 547 ; Middle States : New York 
Section, 156, Syracuse Section, 217 ; Swiss, 156. 
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